On the geometry of the moduli space of semi-stable plane sheaves with
  Hilbert polynomial P(m)=6m+3 by Maican, Mario
ar
X
iv
:1
20
2.
00
65
v1
  [
ma
th.
AG
]  
1 F
eb
 20
12
ON THE GEOMETRY OF THE MODULI SPACE OF SEMI-STABLE
PLANE SHEAVES WITH HILBERT POLYNOMIAL P(m) = 6m+ 3
MARIO MAICAN
Abstract. We classify all Gieseker semi-stable sheaves on the complex projective plane
that have dimension 1, multiplicity 6 and Euler characteristic 3. We show that their
moduli space is birational to the blow-up at a special point of a certain moduli space of
semi-stable Kronecker modules.
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1. Introduction
This paper is a continuation of [11], [10], [9] and [2]. We are concerned with Gieseker
semi-stable sheaves on P2 = P2(C) having Hilbert polynomial P(m) = 6m + 3 and with
their moduli space MP2(6, 3), which is an irreducible projective variety of dimension 37.
We classify all such sheaves using extensions or locally free resolutions of length 1. The
third column of the table below lists all such sheaves. The conditions on the morphisms
ϕ define locally closed subsets Wi inside the vector spaces of homomorphisms of locally
free sheaves and Xi is the image of Wi in MP2(6, 3) under the map sending ϕ to the
stable equivalence class of Coker(ϕ). For a better motivation and for a brief history of
the problem we refer to the introductory sections of [2] and [9].
The sets from the first column of the table are locally closed and cover MP2(6, 3). We
call them strata. They are defined by the cohomological conditions given in column two
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and have the codimension prescribed in column four of the table. The open stratum
X0 = MP2(6, 3) \ X1 is isomorphic to an open subset of the Kronecker moduli space
N(6, 3, 3) of semi-stable 3×3-matrices with entries homogeneous quadratic forms in three
variables. Let X10 be the open subset of X1 defined in section 3. The union X = X0∪X10
is an open subset of MP2(6, 3) and is isomorphic to an open subset of the blow-up of
N(6, 3, 3) at the special point represented by the stable matrix
 XY
Z

 [ X Y Z ] .
Under this isomorphism X10 can be identified with an open subset of the exceptional
divisor of the blow-up. The complement of X has two irreducible components, each of
codimension 2. The stratum X2 is an open subset of a fibre bundle over N(3, 3, 2) ×
N(3, 2, 3) with fibre P21. The open subset of X3 given by stable sheaves is isomorphic
to an open subset of a fibre bundle over N(3, 3, 4) with fibre P21. The stratum X4 is
an open subset of a tower of bundles with fibre P21 and base a fibre bundle over P5
with fibre P6. The stratum X5 is isomorphic to an open subset of a fibre bundle over
HilbP2(2) × HilbP2(2) with fibre P
23, where HilbP2(2) denotes the Hilbert scheme of two
points in P2. We can partially compactify X4 by adding the scheme HilbP2(2)×HilbP2(2)
as a smooth boundary. The union X4 ∪X5 is isomorphic to an open subset of the blow-
up of this partial compactification along the boundary. Under this isomorphism X5 is
mapped to an open subset of the exceptional divisor of the blow-up. The stratum X6 is
an open subset of a fibre bundle over P2 × P2 with fibre P25. The stratum X7 is closed
and consists of all sheaves of the form OC(2) for C ⊂ P2 a sextic curve. Thus X7 ≃ P27.
The strata X0, X1, X3, X
D
3 contain points given by properly semi-stable sheaves. The
other strata contain only stable sheaves. The maps Wi → Xi are geometric quotients
away from properly semi-stable points. The map W0 → X0 is a good quotient.
According to [8], the duality map
[F ] 7−→ [Ext1(F , ωP2)⊗OP2(1)]
defines an automorphism of MP2(6, 3). The strata X3 and X
D
3 are isomorphic under the
duality automorphism. All other strata are preserved by the duality automorphism.
Let C ⊂ P2 denote an arbitrary smooth sextic curve and let Pi denote distinct points
on C. One of the irreducible components of the complement of X is the closure of the set
of sheaves of the form
OC(3)(−P1 − · · · − P7 + P8),
where P1, . . . , P7 are not contained in a conic curve and no four points among them are
colinear. The other component is the dual of the first component, so it is the closure of
the set of sheaves of the form
OC(1)(P1 + · · ·+ P7 − P8),
where P1, . . . , P7 satisfy the same conditions as above. The generic sheaves in X2 have
the form
OC(2)(P1 + P2 + P3 − P4 − P5 − P6),
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where P1, P2, P3 are non-colinear, P4, P5, P6 are non-colinear. The generic sheaves in X3
and XD3 have the form
OC(3)(−P1 − · · · − P6), respectively OC(1)(P1 + · · ·+ P6),
where P1, . . . , P6 are not contained in a conic curve. The generic sheaves in X4 are of the
form
OC(3)(−P1 − · · · − P6),
where P1, . . . , P6 lie on a conic curve and no four of them are colinear. The generic sheaves
in X5, respectively X6, have the form
OC(2)(P1 + P2 − P3 − P4), respectively OC(2)(P1 − P2).
Notations.
MP2(r, χ) = moduli space of Gieseker semi-stable sheaves on P
2
with Hilbert polynomial P(m) = rm+ χ,
N(m, p, q) = Kronecker moduli space of semi-stable q × p-matrices
with entries in a fixed m-dimensional vector space over C,
HilbP2(m) = the Hilbert scheme of m points in P
2,
V = a fixed vector space of dimension 3 over C,
P2 = the projective space of lines in V ,
{X, Y, Z} = basis of V ∗,
[F ] = the stable-equivalence class of a sheaf F ,
FD = Ext1(F , ωP2) if F is a one-dimensional sheaf on P
2,
XD = the image of a set X ⊂ MP2(r, χ) under the duality automorphism,
Xs = the open subset of points given by stable sheaves inside a set X ,
p(F) = χ/r, the slope of a sheaf F having Hilbert polynomial P(m) = rm+ χ.
For any other unexplained notations and conventions we refer to [9] and especially to the
section of preliminaries of [2].
2. The open stratum
From [7], 4.6, 4.7 and 4.8, we extract the following:
Proposition 2.1. Let F be a sheaf giving a point inMP2(6, 3) and satisfying the conditions
h0(F(−1)) = 0, h1(F) = 0. Then h0(F ⊗ Ω1(1)) = 0, 1 or 2. The sheaves in the first
case are precisely the sheaves with resolution of the form
(i) 0 −→ 3O(−2) −→ 3O −→ F −→ 0.
The sheaves in the second case are precisely the sheaves having resolution of the form
(ii) 0 −→ 3O(−2)⊕O(−1)
ϕ
−→ O(−1)⊕ 3O −→ F −→ 0,
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stratum
cohomological
conditions
W codim.
X0
h0(F(−1)) = 0
h1(F) = 0
h0(F ⊗ Ω1(1)) = 0
0 −→ 3O(−2)
ϕ
−→ 3O −→ F −→ 0 0
X1
h0(F(−1)) = 0
h1(F) = 0
h0(F ⊗ Ω1(1)) = 1
0 −→ 3O(−2)⊕O(−1)
ϕ
−→ O(−1)⊕ 3O −→ F −→ 0
ϕ12 = 0
ϕ is not equivalent to a morphism of any of the forms

⋆ 0 0 0
⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆

 ,


⋆ ⋆ 0 0
⋆ ⋆ 0 0
⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆

 ,


⋆ ⋆ ⋆ 0
⋆ ⋆ ⋆ 0
⋆ ⋆ ⋆ 0
⋆ ⋆ ⋆ ⋆


1
X2
h0(F(−1)) = 0
h1(F) = 0
h0(F ⊗ Ω1(1)) = 2
0 −→ 3O(−2) ⊕ 2O(−1)
ϕ
−→ 2O(−1)⊕ 3O −→ F −→ 0
ϕ12 = 0
ϕ11 and ϕ22 are semi-stable as Kronecker modules
4
X3
h0(F(−1)) = 0
h1(F) = 1
h0(F ⊗ Ω1(1)) = 3
0 −→ O(−3)⊕ 3O(−1)
ϕ
−→ 4O −→ F −→ 0
ϕ12 is semi-stable as a Kronecker module
4
XD3
h0(F(−1)) = 1
h1(F) = 0
h0(F ⊗ Ω1(1)) = 3
0 −→ 4O(−2)
ϕ
−→ 3O(−1) ⊕O(1) −→ F −→ 0
ϕ11 is semi-stable as a Kronecker module
4
X4
h0(F(−1)) = 1
h1(F) = 1
h0(F ⊗ Ω1(1)) = 3
0 −→ O(−3)⊕O(−2)
ϕ
−→ O ⊕O(1) −→ F −→ 0
ϕ12 6= 0, ϕ12 ∤ ϕ11, ϕ12 ∤ ϕ22
5
X5
h0(F(−1)) = 1
h1(F) = 1
h0(F ⊗ Ω1(1)) = 4
0→ O(−3)⊕O(−2)⊕O(−1)
ϕ
→ O(−1)⊕O ⊕O(1)→ F → 0
ϕ13 = 0, ϕ12 6= 0, ϕ23 6= 0, ϕ12 ∤ ϕ11, ϕ23 ∤ ϕ33
6
X6
h0(F(−1)) = 2
h1(F) = 2
h0(F ⊗ Ω1(1)) = 6
0 −→ 2O(−3) ⊕O
ϕ
−→ O(−2)⊕ 2O(1) −→ F −→ 0
ϕ11 has linearly independent entries
ϕ22 has linearly independent entries
8
X7
h0(F(−1)) = 3
h1(F) = 3
h0(F ⊗ Ω1(1)) = 8
0 −→ O(−4)
ϕ
−→ O(2) −→ F −→ 0 10
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such that ϕ12 = 0, the entries of ϕ11 span a subspace of V
∗ of dimension at least 2, ditto
for the entries of ϕ22 and, moreover, ϕ is not equivalent, modulo the action of the natural
group of automorphisms, to a morphism represented by a matrix of the form

⋆ ⋆ 0 0
⋆ ⋆ 0 0
⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆

 .
The sheaves in the third case are precisely the sheaves having a resolution of the form
(iii) 0 −→ 3O(−2)⊕ 2O(−1)
ϕ
−→ 2O(−1)⊕ 3O −→ F −→ 0,
where ϕ12 = 0, ϕ11 has linearly independent maximal minors and ditto for ϕ22.
Let W = Hom(3O(−2) ⊕ 2O(−1), 2O(−1) ⊕ 3O) and let W ⊂ W be the open subset
of injective morphisms with semi-stable cokernel. Let W s ⊂ W be the open subset of
morphisms with stable cokernel. The group
G = (Aut(3O(−2)⊕ 2O(−1))× Aut(2O(−1)⊕ 3O))/C∗
acts on W by conjugation. Let X,Xs ⊂ MP2(6, 3) be the images of W,W
s under the
canonical map ϕ 7→ [Coker(ϕ)]. Note that X is the open dense subset given by the
conditions h0(F(−1)) = 0, h1(F) = 0.
Proposition 2.2. The canonical map ρ : W → X, ρ(ϕ) = [Coker(ϕ)], is a categorical
quotient map for the action of G on W . The restricted map W s → Xs is a geometric
quotient.
Proof. As at 4.2.1 [2], we can easily show that ρ(ϕ1) = ρ(ϕ2) if and only if Gϕ1∩Gϕ2 6= ∅.
As at 3.1.6 op.cit., we reduce the problem to the problem of constructing ϕ in the fibre of
[F ] by starting with the Beilinson spectral sequence. We will use the Beilinson spectral
sequence I that converges to F(1). Its E1-term has display diagram
H1(F(−1))⊗O(−1)
ϕ1
// H1(F)⊗ Ω1(1)
ϕ2
// H1(F(1))⊗O
H0(F(−1))⊗O(−1)
ϕ3
// H0(F)⊗ Ω1(1)
ϕ4
// H0(F(1))⊗O
.
By hypothesis some of the above cohomology groups vanish, so the display diagram takes
the form
3O(−1) 0 0
0 3Ω1(1)
ϕ4
// 9O
.
The second term of the spectral sequence has display diagram
3O(−1)
ϕ5
**❱❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
❱
0 0
0 Ker(ϕ4) Coker(ϕ4)
.
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Thus E3 = E∞ hence F(1) ≃ Coker(ϕ5) and ϕ4, ϕ5 are injective. Clearly ϕ5 factors
through 9O, so we arrive at a resolution
0 −→ 3O(−1)⊕ 3Ω1(1) −→ 9O −→ F(1) −→ 0.
Using the Euler sequence the above leads to the resolution
0 −→ 3O(−1)⊕ 9O
ψ
−→ 9O ⊕ 3O(1) −→ F −→ 0.
The rank of ψ12 is at least 7, otherwise F(1) would map surjectively onto the cokernel
of a morphism 3O(−1)→ 3O, in violation of semi-stability. Canceling 7O and tensoring
with O(−1) we obtain ϕ ∈ W such that F ≃ Coker(ϕ).
Thus far we have proved that W → X is a categorical quotient map, so the same is
true for the restricted map W s → Xs. The fibres of the map W s → Xs are precisely the
G-orbits and Xs is smooth, so we can apply [13], theorem 4.2, to conclude that the map
W s → Xs is a geometric quotient. 
Let W0 = Hom(3O(−2), 3O) and let W0 ⊂W0 be the set of injective morphisms. Let
G0 = (Aut(3O(−2))× Aut(3O))/C
∗ = (GL(3,C)×GL(3,C))/C∗
be the natural group acting by conjugation onW0. Let X0 ⊂ MP2(6, 3) be the open dense
subset of stable-equivalence classes of sheaves F as in 2.1(i).
Proposition 2.3. There exists a good quotient W0//G0, which is a proper open subset
of N(6, 3, 3). Moreover, W0//G0 is isomorphic to X0, hence MP2(6, 3) and N(6, 3, 3) are
birational.
Proof. Let Wss0 ⊂ W0 be the subset of morphisms that are semi-stable for the action
of G0. The good quotient W
ss
0 //G0 constructed using geometric invariant theory is the
Kronecker moduli space N(6, 3, 3). According to King’s criterion of semi-stability [5], a
morphism ϕ ∈W0 is semi-stable if and only if it is not equivalent to a morphism having
one of the following forms:
 0 0 0⋆ ⋆ ⋆
⋆ ⋆ ⋆

 ,

 0 0 ⋆0 0 ⋆
⋆ ⋆ ⋆

 ,

 0 ⋆ ⋆0 ⋆ ⋆
0 ⋆ ⋆

 .
Thus injective morphisms are semi-stable. In fact, it is easy to see thatW0 is the preimage
in Wss0 under the quotient map of a proper open subset inside W
ss
0 //G0. This open subset
is the good quotient W0//G0. The argument at 2.2 above shows that the canonical map
W0 → X0 is a categorical quotient map. The isomorphism X0 ≃W0//G0 follows from the
uniqueness of the categorical quotient. 
3. The codimension 1 stratum
LetW1 = Hom(3O(−2)⊕O(−1),O(−1)⊕3O) and let W1 ⊂W1 be the set of morphisms
ϕ from 2.1(ii). Let W s1 ⊂ W1 be the open subset of morphisms having stable cokernel.
Let
G1 = (Aut(3O(−2)⊕O(−1))×Aut(O(−1)⊕ 3O))/C
∗
be the natural group acting by conjugation onW1. LetW10 ⊂W1 be the set of morphisms
ϕ such that the entries of ϕ11 span V
∗ and ditto for the entries of ϕ22. Let W11 ⊂W1 be
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the subset given by the condition that the entries of ϕ11 span a two-dimensional vector
subspace of V ∗. We denote by X1, X
s
1, X10, X11 the images of W1, W
s
1 , W10, W11 in
MP2(6, 3). Clearly X1 \X10 = X11 ∪X
D
11. All sheaves giving points in X10 are stable.
Proposition 3.1. There exists a geometric quotient of W10 by G1, which is a proper open
subset of P36. Moreover, W10/G1 is isomorphic to X10. In particular, X1 is irreducible
and has codimension 1.
The canonical map W s1 → X
s
1 is a geometric quotient for the action of G1. Thus X10
is an open subset of X1.
Proof. Let W ′1 ⊂ W1 be the subset of morphisms satisfying the conditions defining W10
except injectivity. Let Σ ⊂ W ′1 be the G1-invariant subset given by the condition
ϕ21 = vϕ11 + ϕ22u, u ∈ Hom(3O(−2),O(−1)), v ∈ Hom(O(−1), 3O).
Clearly W10 is a proper open G1-invariant subset of W
′
1 \ Σ. As at 2.2.2 [9], it can be
shown that there exists a geometric quotient ofW ′1 \Σ modulo G1, which is a fibre bundle
over N(3, 3, 1)× N(3, 1, 3) with fibre P36. The base is a point. Thus W10/G1 exists and
is a proper open subset of (W ′1 \ Σ)/G1 ≃ P
36. The argument at 2.2 above shows that
the map W1 → X1 is a categorical quotient map. Thus W10 → X10 is also a categorical
quotient map, so W10/G1 ≃ X10.
According to [12], remark (2), p. 5, X1 is normal. The map W
s
1 → X
s
1 is a categorical
quotient, its fibres are precisely the G1-orbits and X
s
1 is normal. Thus we can apply [13],
theorem 4.2, to conclude that the map W s1 → X
s
1 is a geometric quotient. Clearly W10 is
an open G1-invariant subset of W
s
1 , hence X10 is an open subset of X
s
1, which is an open
subset of X1. 
Proposition 3.2. The sheaves giving points in X11 are either non-split extension sheaves
of the form
0 −→ E −→ F −→ Cx −→ 0,
where Cx is the structure sheaf of a closed point x ∈ P2 and E gives a point in the stratum
X2 of MP2(6, 2) (cf. 3.3 [11]), or they are extension sheaves of the form
0 −→ OC −→ F −→ G −→ 0,
where C ⊂ P2 is a conic curve and G gives a point in the stratum X1 of MP2(4, 2) (cf.
4.2.3 [2]). Conversely, any such extensions give points in X11.
The generic sheaves in X11 are of the form OS(3)(−P1 − · · · − P7 + P8), where S ⊂ P2
is a smooth sextic curve, Pi are eight distinct points on S, P1, . . . , P7 are not contained
in a conic curve and no four points among them are colinear.
Proof. Let F = Coker(ϕ) give a point in X11, where ϕ ∈ W11 is a morphism represented
by the matrix 

u1 u2 0 0
⋆ ⋆ q1 ℓ1
⋆ ⋆ q2 ℓ2
⋆ ⋆ q3 ℓ3


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and let (*) denote the property that the matrix
 q1 ℓ1q2 ℓ2
q3 ℓ3

 be equivalent to a matrix of the form

 0 v10 v2
q v3

 .
Assume that (*) holds. Then v1, v2 are linearly independent and from the snake lemma
we get an extension
0 −→ OC −→ F −→ G −→ 0,
where C ⊂ P2 is the conic curve given by the equation q = 0 and G has resolution
0 −→ 2O(−2)⊕O(−1)
ψ
−→ O(−1)⊕ 2O −→ G −→ 0,
ψ =

 u1 u2 0⋆ ⋆ v1
⋆ ⋆ v2

 .
By 4.2.3 [2], G gives a point in the stratumX1 of MP2(4, 2). Conversely, from the horseshoe
lemma we see that any extension of G by OC is a sheaf in X11. Assume now that (*) is
not fulfilled. From the snake lemma we have an extension
0 −→ E −→ F −→ Cx −→ 0,
where x ∈ P2 is the point given by the equations u1 = 0, u2 = 0 and E has resolution
0 −→ O(−3)⊕O(−2)⊕O(−1)
ψ
−→ 3O −→ E −→ 0,
ψ =

 ⋆ q1 ℓ1⋆ q2 ℓ2
⋆ q3 ℓ3

 .
From the facts that ϕ is in W1 and that (*) does not hold we see that ψ satisfies the
conditions of 3.3 [11], i.e. that E belongs to the stratum X2 of MP2(6, 2). Conversely,
given an extension of Cx by E , we combine the above resolution of E with the resolution
0 −→ O(−3) −→ 2O(−2) −→ O(−1) −→ Cx −→ 0
to obtain the resolution
0 −→ O(−3) −→ O(−3)⊕ 3O(−2)⊕O(−1) −→ O(−1)⊕ 3O −→ F −→ 0.
We may cancel O(−3) as in the proof of 2.3.3 [9]. Thus F is the cokernel of a morphism
in W11.
The statement about generic sheaves follows from 3.6 [11], where a description of generic
sheaves in the stratum X2 of MP2(6, 2) can be found. 
Remark 3.3. If F is stable-equivalent to OC ⊕F ′ for a conic curve C ⊂ P2 and a sheaf F ′
giving a point in the stratum X0 of MP2(4, 2) (cf. 4.1.1 [2]), then F gives a point in X0. If
F is stable-equivalent to OC⊕G, where G gives a point in the stratum X1 of MP2(4, 2) (cf.
4.2.3 op.cit.), then, as we saw at 3.2, F gives a point in X1 \X10. If F is stable-equivalent
to OC ⊕ OQ(1), where Q ⊂ P2 is a quartic curve, then h
0(F ⊗ Ω1(1)) = 3 and either
h0(F(−1)) = 1 or h1(F) = 1. This covers all possible properly semi-stable sheaves F in
MP2(6, 3). In particular, we see that the strata X0 and X1 are disjoint.
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4. The codimension 4 stratum
Recall the vector space W and the group G from section 2. For the sake of uniformity
of notations denote W2 = W, G2 = G. Let W2 ⊂W2 denote the subset of morphisms ϕ
from 2.1(iii) and let X2 be the image of W2 in MP2(6, 3).
Proposition 4.1. There exists a geometric quotient of W2 by G2, which is a proper open
subset of a fibre bundle over N(3, 3, 2) × N(3, 2, 3) with fibre P21. Moreover, W2/G2 is
isomorphic to X2. In particular, X2 has codimension 4.
Proof. Let W ′2 ⊂W2 be the locally closed G2-invariant subset of morphisms ϕ satisfying
the following conditions: ϕ12 = 0 and ϕ11, ϕ22 are semi-stable as Kronecker modules, i.e.
each of them has linearly independent maximal minors. Let
U1 ⊂ Hom(3O(−2), 2O(−1)), U2 ⊂ Hom(2O(−1), 3O)
denote the subsets of semi-stable morphisms. Consider the G2-invariant subset Σ ⊂ W ′2
given by the condition
ϕ21 = vϕ11 + ϕ22u, u ∈ Hom(3O(−2), 2O(−1)), v ∈ Hom(2O(−1), 3O).
Note that W2 is the set of injective morphisms inside W
′
2 \ Σ. Clearly W
′
2 is the trivial
vector bundle over U1×U2 with fibre Hom(3O(−2), 3O). Assume that Σ is a sub-bundle.
Then the argument at 2.2.2 [9] shows that the quotient bundle W ′2/Σ descends to a vector
bundle F over
(U1/GL(3,C)×GL(2,C))× (U2/GL(2,C)×GL(3,C)) = N(3, 3, 2)× N(3, 2, 3).
Moreover, P(F ) is the geometric quotient of W ′2 \ Σ modulo G2. Thus W2/G2 exists as
a proper open subset of P(F ). At 2.2 above we showed that the map W2 → X2 is a
categorical quotient map. Thus W2/G2 is isomorphic to X2.
It remains to show that Σ is a sub-bundle of W ′2. Given (ϕ11, ϕ22) ∈ U1 × U2, let
K(ϕ11, ϕ22) denote the vector space of pairs (u, v) of morphisms as above, satisfying the
relation vϕ11+ϕ22u = 0. We must show that the dimension of K(ϕ11, ϕ22) is independent
of the choice of (ϕ11, ϕ22). Assume first that the maximal minors of ϕ11, denoted ζ1, ζ2, ζ3,
have no common factor. Let Z ⊂ P2 be the scheme given by the ideal (ζ1, ζ2, ζ3). It is
well-known that there is an exact sequence
0 −→ 2O(−3)
ϕT
11−→ 3O(−2)
ζ
−→ O −→ OZ −→ 0,
ζ =
[
ζ1 −ζ2 ζ3
]
.
Given (u, v) ∈ K(ϕ11, ϕ22), we have the relation ϕ22uζT = −vϕ11ζT = 0, which, in view of
the fact that ϕ22 is injective, yields the relation uζ
T = 0. From the above exact sequence
we deduce that u = αϕ11 for some α ∈ Hom(2O(−1), 2O(−1)). We have the relation
(v + ϕ22α)ϕ11 = 0, which, in view of the fact that ϕ11 is generically surjective, yields the
relation v = −ϕ22α. Thus K(ϕ11, ϕ22) is the space of pairs of the form (αϕ11,−ϕ22α), so
it has dimension 4. By symmetry, the same is true if the maximal minors of ϕ22 have no
common factor.
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It remains to examine the case when the maximal minors of ϕ11 have a common linear
factor and ditto for the maximal minors of ϕ22. We may write ϕ11 = αΦ, ϕ22 = Ψβ,
where α, β are matrices with scalar entries of rank 2 and
Φ =

 −Y X 0−Z 0 X
0 −Z Y

 , Ψ =

 −S −T 0R 0 −T
0 R S

 ,
where {X, Y, Z} and {R, S, T} are bases of V ∗. Write
ξ =

 XY
Z

 , ρ = [ R S T ] .
Let (u, v) belong toK(ϕ11, ϕ22). Since ϕ22 is injective and ϕ22uξ = −vϕ11ξ = −vαΦξ = 0,
we get the relation uξ = 0. Thus u = α′Φ for some matrix α′ = (aij) with scalar entries.
Analogously we have ρv = 0, hence v = Ψβ ′ for some matrix β ′ = (bkl) with scalar entries.
Put γ = β ′α + βα′. We have ΨγΦ = 0, hence
γΦ =

 T−S
R

 [ c1 c2 c3 ]
for some c1, c2, c3 ∈ C. Assume that γ 6= 0. There are g, g′ ∈ GL(3,C) such that
g′γg =

 1 0 0⋆ ⋆ ⋆
⋆ ⋆ ⋆

 . Thus g′γΦ = g′

 T−S
R

 [ c1 c2 c3 ] =

 1 0 0⋆ ⋆ ⋆
⋆ ⋆ ⋆

 g−1Φ
showing that
g−1Φ =

 c1ℓ c2ℓ c3ℓ⋆ ⋆ ⋆
⋆ ⋆ ⋆


for some non-zero ℓ ∈ V ∗. But g−1Φξ = 0, hence c1X + c2Y + c3Z = 0. This is absurd.
We have proved that γ = 0. There are g1, g2 ∈ GL(3,C) such that
α =
[
1 0 0
0 1 0
]
g1, β = g2

 1 00 1
0 0

 .
The relation β ′α = −βα′ is equivalent to the relation
 a11 a12 a13a21 a22 a23
0 0 0

 g−11 = −g−12

 b11 b12 0b21 b22 0
b31 b32 0

 .
The above matrix has the form
 c11 c12 0c21 c22 0
0 0 0

 . Thus α′ =
[
c11 c12 0
c21 c22 0
]
g1, β
′ = −g2

 c11 c12c21 c22
0 0

 .
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We conclude that K(ϕ11, ϕ22) is parametrised by the quadruple (cij), so it is a vector
space of dimension 4. 
Proposition 4.2. The generic sheaves giving points in X2 have the form
OC(2)(−P1 − P2 − P3 + P4 + P5 + P6),
where C ⊂ P2 is a smooth sextic curve, Pi are six distinct points on C, P1, P2, P3 are non-
colinear, P4, P5, P6 are also non-colinear. In particular, X2 is contained in the closure of
X11 and also in the closure of X
D
11.
Proof. Given a morphism ϕ ∈ W2 we denote by ζ1, ζ2, ζ3 the maximal minors of ϕ11 and
by υ1, υ2, υ3 the maximal minors of ϕ22. Let W20 ⊂ W2 be the open G2-invariant subset
given by the following properties: ζ1, ζ2.ζ3 generate the ideal of a reduced zero-dimensional
scheme Z ⊂ P2, υ1, υ2, υ3 generate the ideal of a reduced zero-dimensional scheme Y ⊂ P2,
Z and Y have no common points, the equation det(ϕ) = 0 determines a smooth sextic
curve C ⊂ P2. Let X20 ⊂ X2 be the image of W20 in MP2(6, 3). If F gives a point in X20,
then, from the snake lemma, we get an extension
0 −→ OC(2)(−Y ) −→ F −→ OZ −→ 0.
Now Y is the union of three non-colinear points P1, P2, P3 and Z is the union of three
non-colinear points P4, P5, P6 distinct from P1, P2, P3. Thus
F ≃ OC(2)(−P1 − P2 − P3 + P4 + P5 + P6).
Conversely, consider a sheaf F as above. Clearly F is stable and gives a point in MP2(6, 3).
Our aim is to show that F gives a point in X20.
We claim that H1(F) = 0. Denote F ′ = OC(2)(−P1 − P2 − P3). According to [1],
propositions 4.5 and 4.6, we have an exact sequence
0 −→ O(−4)⊕ 2O(−1) −→ 3O −→ F ′ −→ 0
(compare with 2.3.4(i) [9]). Thus h0(F ′) = 3. Consider the exact sequence
0 −→ F ′ −→ F −→ OZ −→ 0
and let δ : H0(OZ) → H
1(F ′) denote the connecting homomorphism. To prove that
h0(F) = 3 it is enough to show that δ is injective or, equivalently, that its dual δ∗ is
surjective. By Serre duality δ∗ is the restriction morphism
H0(OC(−2)(P1 + P2 + P3)⊗ ωC) // H
0((OC(−2)(P1 + P2 + P3)⊗ ωC)|Z)
H0(OC(1)(P1 + P2 + P3)) H
0(OC(1)(P1 + P2 + P3)|Z)
H0(OC(1)) H
0(OC(1)|Z)
.
The identity H0(OC(1)(P1+P2+P3)) ≃ H
0(OC(1)) ≃ V ∗ follows from the exact sequence
0 −→ 3O(−3) −→ 2O(−2)⊕O(1) −→ OC(1)(P1 + P2 + P3) −→ 0
12 MARIO MAICAN
obtained by dualising the above resolution of F ′. Let εi : H
0(OZ)→ C be the linear form
of evaluation at Pi, i = 4, 5, 6. We see from the above diagram that, given a one-form
u, δ∗(u) is a multiple of εi precisely if the line given by the equation u = 0 does not
pass through Pi but passes through the other two points. By hypothesis P4, P5, P6 are
non-colinear, hence such a line exists. We conclude that each εi is in the image of δ
∗, so
this map is surjective.
Thus far we have shown that H1(F) = 0. By duality H0(F(−1)) also vanishes. By
proposition 2.1, F gives a point in X0∪X1∪X2. Notice that the subsheaf of F generated
by its global sections is F ′. If F gave a point in X0, then F would be generated by its
global sections, which is not the case. If F gave a point in X1, then F/F ′ would be the
zero-sheaf or the structure sheaf of a closed point. This, again, is not the case. Thus
F = Coker(ϕ) for some ϕ ∈ W2. Assume that ζ1, ζ2, ζ3 have a common linear factor.
Then Coker(ϕ11) ≃ OL for a line L ⊂ P2 and from the snake lemma we obtain the exact
sequences
0 −→ F ′′ −→ F −→ OL −→ 0,
0 −→ O(−3)⊕ 2O(−1) −→ 3O −→ F ′′ −→ 0.
Notice that F ′′ is generated by its global sections and H0(F ′′) = H0(F). It follows that
F ′′ = F ′, hence OL ≃ OZ , which is absurd. This proves that ζ1, ζ2, ζ3 have no common
factor, i.e. they generate the ideal of a zero-dimensional scheme. In point of fact, the
above argument shows that ζ1, ζ2, ζ3 generate the ideal of Z. By duality υ1, υ2, υ3 generate
the ideal of Y . The curve C has equation det(ϕ) = 0 and is smooth by hypothesis. We
conclude that ϕ belongs to W20, i.e. that F gives a point in X20.
To prove the inclusion X2 ⊂ X11 fix a generic sheaf in X2 as in the proposition. We may
assume that the line P4P5 meets C at six distinct points P4, P5, Q4, Q5, Q6, Q7. Denote
Q1 = P1, Q2 = P2, Q3 = P3. Thus
OC(2)(−P1 − P2 − P3 + P4 + P5 + P6) ≃ OC(3)(−Q1 − · · · −Q7 + P6).
Choose distinct points Ri, 1 ≤ i ≤ 7, on C, that are also distinct from P6 and satisfy the
conditions of 3.2, i.e. they do not lie on a conic curve and no four of them are colinear.
Then, according to loc.cit.,
OC(3)(−R1 − · · · − R7 + P6)
gives a point in X11. Making Ri converge to Qi for 1 ≤ i ≤ 7 we obtain a sequence
of points converging to the fixed generic point of X2. Thus X2 ⊂ X11. The inclusion
X2 ⊂ X
D
11 follows from the fact that X2 is self-dual. 
Proposition 4.3. (i) Let F be a sheaf giving a point in MP2(6, 3) and satisfying the
conditions h0(F(−1)) = 0, h1(F) = 1. Then h0(F ⊗ Ω1(1)) = 3. These sheaves are
precisely the sheaves having resolution of the form
0 −→ O(−3)⊕ 3O(−1)
ϕ
−→ 4O −→ F −→ 0,
where ϕ12 is semi-stable as a Kronecker V -module.
(ii) Let F be a sheaf giving a point in MP2(6, 3) and satisfying the conditions h
0(F(−1)) =
1, h1(F) = 0. Then h0(F ⊗ Ω1(1)) = 3. These sheaves are precisely the sheaves having
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resolution of the form
0 −→ 4O(−2)
ϕ
−→ 3O(−1)⊕O(1) −→ F −→ 0,
where ϕ11 is semi-stable as a Kronecker V -module.
Proof. Part (i) is a particular case of 5.3 [7]. Part (ii) is equivalent to (i) by duality. 
LetW3 = Hom(O(−3)⊕3O(−1), 4O) and let W3 ⊂W3 be the open subset of morphisms
as in 4.3(i). The group
G3 = (Aut(O(−3)⊕ 3O(−1))×Aut(4O))/C
∗
acts on W3 by conjugation and leaves W3 invariant. Let W
D
3 = Hom(4O(−2), 3O(−1)⊕
O(1)) and let W D3 ⊂ W
D
3 be the subset of morphisms ϕ as in 4.3(ii). The natural group
acting on WD3 is denoted G
D
3 . Let X3, X
D
3 be the images of W3,W
D
3 in MP2(6, 3). These
notations are justified because the morphisms of W D3 are the transposes of the morphisms
inW3, henceX
D
3 is the image ofX3 under the duality automorphism of MP2(6, 3). Consider
the vector spaces
U = Hom(3O(−1), 4O), UD = Hom(4O(−2), 3O(−1)).
Let U ⊂ U, UD ⊂ UD denote the subsets of morphisms that are semi-stable as Kronecker
V -modules. According to 3.3 [9], the kernel of a morphism in UD is isomorphic to O(−5),
O(−4) or O(−3). The subset UD0 ⊂ U
D of morphisms ψ for which Ker(ψ) ≃ O(−5) is
open. We denote by UD1 , U
D
2 the subsets of morphisms ψ for which Ker(ψ) ≃ O(−4),
respectively O(−3). The counterparts in U of these subsets are denoted U0, U1, U2. Let
W3i ⊂W3, i = 0, 1, 2, be the subset of those morphisms ϕ for which ϕ12 ∈ Ui and let X3i
be its image in MP2(6, 3). Analogously we define W
D
3i and X
D
3i.
Proposition 4.4. The sheaves giving points in X30 are precisely the sheaves of the form
JZ(3), where Z ⊂ P
2 is a zero-dimensional scheme of length 6 not contained in a conic
curve, contained in a sextic curve C, and JZ ⊂ OC is its ideal sheaf.
The generic sheaves in X3 have the form OC(3)(−P1 − · · · − P6), where C ⊂ P2 is a
smooth sextic curve and Pi are six distinct points on C that are not contained in a conic
curve. The generic sheaves in XD3 have the form OC(1)(P1 + · · ·+ P6). In particular, X3
is contained in the closure of X11 and X
D
3 is contained in the closure of X
D
11. Thus X3
and XD3 are contained in the closure of X1.
Proof. By [1], propositions 4.5 and 4.6, the cokernels of morphisms in U0 are precisely the
twisted ideal sheaves IZ(3) ⊂ O(3) of zero-dimensional schemes Z ⊂ P2 of length 6 that
are not contained in conic curves. The first statement now follows as at 2.3.4(i) [9].
To prove the inclusion X3 ⊂ X11 we use the form of generic sheaves in X11 found at
3.2. Fix a generic point in X3 represented by OC(3)(−P1− · · ·−P6). Notice that no four
points among Pi are colinear. We can thus choose points P7, P8 ∈ C such that P1, . . . , P8
satisfy the conditions of loc.cit. Thus OC(3)(−P1 − · · · − P7 + P8) gives a point in X11.
Making P8 converge to P7 we obtain a sequence of points in X11 converging to the fixed
generic point of X3. 
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Proposition 4.5. (i) The sheaves of the form Coker(ϕ), ϕ ∈ W D32, are precisely the
extension sheaves of the form
0 −→ OQ(1) −→ F −→ OC −→ 0,
satisfying the condition H1(F) = 0. Here Q and C are arbitrary quartic, respectively conic
curves in P2.
(ii) The sheaves of the form Coker(ϕ), ϕ ∈ W32, are precisely the extension sheaves of the
form
0 −→ OC −→ F −→ OQ(1) −→ 0,
satisfying the condition H0(F(−1)) = 0.
Thus X32 coincides with X
D
32 and consists of all stable-equivalence classes OQ(1) ⊕ OC .
Moreover, X3 ∩XD3 = X32. All sheaves giving points in X30, X31, X
D
30, X
D
31 are stable.
Proof. The proof of (i) is nearly identical to the proof of 3.3.2 [9] and is based on the
fact that the cokernel of any morphism ψ ∈ UD2 is isomorphic to OC for some conic curve
C ⊂ P2 and, conversely, any OC is isomorphic to Coker(ψ) for some ψ ∈ UD2 . Part (ii) is
equivalent to (i) by duality.
Let Q ⊂ P2 be a quartic curve given by the equation h = 0 and let C ⊂ P2 be a conic
curve with equation g = 0. We can choose ℓ1, ℓ2, ℓ3 ∈ V ∗ and f1, f2, f3 ∈ S
3 V ∗ such that
Xℓ3 − Y ℓ2 + Zℓ1 = g and Xf1 + Y f2 + Zf3 = h.
The cokernel of any morphism ϕ ∈ W D32 represented by a matrix of the form

ℓ1 −Y X 0
ℓ2 −Z 0 X
ℓ3 0 −Z Y
f f1 f2 f3


is stable-equivalent to OQ(1)⊕OC . This proves that X32 coincides with XD32 and consists
of all stable equivalence classes OQ(1) ⊕ OC . According to remark 3.3, any point of X3
or of XD3 represented by a properly semi-stable sheaf must be in X32. It is now easy
to see that X30, X31, X
D
30, X
D
31 contain only stable sheaves, so these sets are disjoint, so
X3 ∩ XD3 = X32. For example, assume that F = Coker(ϕ), ϕ ∈ W30 ∪ W31, is stable-
equivalent to OQ(1)⊕OC . Since H
0(F(−1)) = 0, OQ(1) cannot be a subsheaf of F . By
part (ii) of the proposition F = Coker(ϕ′) for some ϕ′ ∈ W32. It is easy to see that ϕ and
ϕ′ must be in the same G3-orbit, which is absurd. 
Proposition 4.6. There exists a geometric quotient of W3 modulo G3, which is an open
subset of a fibre bundle over N(3, 3, 4) with fibre P21. The image of W30∪W31 in W3/G3 is
the geometric quotient (W30 ∪W31)/G3 and is isomorphic to Xs3 = X30 ∪X31. By duality
there exists a geometric quotientW D3 /G3 and a certain open subset of this quotient, namely
(W D30 ∪W
D
31)/G3, is isomorphic to (X
D
3 )
s = XD30 ∪ X
D
31. In particular, X3 and X
D
3 have
codimension 4.
Proof. Let Wss3 (Λ) ⊂ W3 denote the set of morphisms that are semi-stable with respect
to a polarisation Λ = (λ1, λ2, µ1) satisfying the relation 0 < λ1 < 1/4 (notations as as
[3]). Concretely, Wss3 (Λ) consists of those morphisms ϕ for which ϕ11 is semi-stable as a
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Kronecker V -module and ϕ11 6= ϕ12u for any u ∈ Hom(O(−3), 3O(−1)). According to 5.3
[7], W3 is the set of injective morphisms inside W
ss
3 (Λ). According to 9.3 [3], there exists
a geometric quotient Wss3 (Λ)/G3 and it is a fibre bundle as in the proposition (compare
with 3.2.1 [9]). Thus W3/G3 exists as a proper open subset of W
ss
3 (Λ)/G3.
We saw at 4.5 above that W30 ∪ W31 is the subset of morphisms ϕ ∈ W3 for which
Coker(ϕ) is stable. In flat families stability is an open condition, hence W30 ∪W31 is an
open G3-invariant subset of W3, hence (W30 ∪ W31)/G3 exists as a proper open subset
of W3/G3. Notice that X30 ∪ X31 is an open subset of X3, so it inherits the canonical
induced reduced structure. The canonical morphism
(W30 ∪W31)/G3 −→ X30 ∪X31
is easily seen to be bijective. We will show that the inverse of this map is also a morphism
by constructing resolution 4.3(i) starting from the Beilinson spectral sequence of a sheaf
F in X30 ∪X31. Diagram (2.2.3) [2] takes the form
3O(−2)
ϕ1
// 3O(−1)
ϕ2
// O
0 3O(−1)
ϕ4
// 4O
.
As at 2.2.4 [9], we have Ker(ϕ1) ≃ O(−3) and Ker(ϕ2) = Im(ϕ1). The exact sequence
(2.2.5) [2] now takes the form
0 −→ O(−3) −→ Coker(ϕ4) −→ F −→ 0.
Clearly the morphism O(−3)→ Coker(ϕ4) lifts to a morphism O(−3)→ 4O. We obtain
ϕ ∈W3 such that Coker(ϕ) ≃ F . Since F was a priori chosen in X30 ∪X31, we see that
ϕ belongs to W30 ∪W31. 
Proposition 4.7. The sheaves F giving points in XD31 are precisely the extension sheaves
having one of the forms
0 −→ E −→ F −→ OL −→ 0,
0 −→ G −→ F −→ OL(1) −→ 0,
0 −→ OC(1) −→ F −→ OL(2) −→ 0
and satisfying the cohomological conditions h0(F(−1)) = 1, h1(F) = 0. Here L ⊂ P2 is
an arbitrary line, C ⊂ P2 is an arbitrary quintic curve, E is an arbitrary sheaf giving a
point in the stratum X3 of MP2(5, 2) (cf. 2.3.5 [9]) and G is an arbitrary sheaf giving a
point in the stratum X3 of MP2(5, 1) (cf. 3.1.5 op.cit.)
Proof. Consider a sheaf F = Coker(ϕ), ϕ ∈ W D31. Denote C = Coker(ϕ11) and let T be
the zero-dimensional torsion of C. The Hilbert polynomial of C is P(t) = t+3, hence C/T
is isomorphic to OL(d) for some line L ⊂ P2 and integer d ≤ 2. From the snake lemma
we have an exact sequence
0 −→ OC(1) −→ F −→ C −→ 0,
where C ⊂ P2 is a quintic curve. Since OL(d) is a quotient sheaf of the semi-stable sheaf
F , we see that d = 0, 1 or 2, that is length(T ) = 2, 1 or 0.
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Assume that length(T ) = 2. Let E be the preimage of T in F . According to 2.3.5 [9],
E gives a point in the stratum X3 of MP2(5, 2). Assume that length(T ) = 1. Let G be
the preimage of T in F . According to 3.1.5 op.cit., G gives a point in the stratum X3 of
MP2(5, 1).
Conversely, assume that F is an extension as in the proposition and satisfies the condi-
tions h0(F(−1)) = 1, h1(F) = 0. Firstly, we will show that F is semi-stable. Let F ′ ⊂ F
be a non-zero subsheaf of multiplicity at most 5. There are extensions of the form
0 −→ OC(1) −→ E −→ OZ −→ 0,
0 −→ OC(1) −→ G −→ Cx −→ 0,
where C ⊂ P2 is a a quintic curve, OZ is the structure sheaf of a zero-dimensional scheme
Z ⊂ P2 of length 2 and Cx is the structure sheaf of a closed point x ∈ P2. All three
possible extensions in the proposition lead to an extension
0 −→ OC(1) −→ F −→ C −→ 0,
where the zero-dimensional torsion T of C has length at most 2. If the image of F ′ in C
is a subsheaf of T , then F ′ is a subsheaf of E , or of G, or of OC(1). These three sheaves
are stable, hence p(F ′) is at most 2/5, respectively 1/5, respectively 0. Assume now that
the image of F ′ in C is not a subsheaf of T . Precisely as at 4.4 [11], we have the equation
PF ′(t) = (5− d)t+
d2 − 5d
2
+ t + 3− a
for some integers a and d satisfying the inequalities a ≥ 0, 1 ≤ d ≤ 4. Thus
p(F ′) ≤
d2 − 5d+ 6
2(6− d)
≤
1
2
= p(F).
Secondly, applying 4.3(ii), we obtain ϕ ∈ W D3 such that F ≃ Coker(ϕ). The subsheaf
generated by the global sections of E(−1) is isomorphic to OC and the same is true of
G. Thus H0(F(−1)) generates OC in all three possible cases. We deduce that ϕ is in
W D31, otherwise H
0(F(−1)) would generate the structure sheaf of a quartic or of a sextic
curve. 
5. The codimension 5 stratum
Proposition 5.1. Let F be a sheaf giving a point in MP2(6, 3) and satisfying the cohomo-
logical conditions h0(F(−1)) = 1, h1(F) = 1. Then h0(F ⊗Ω1(1)) = 3 or 4. The sheaves
in the first case are precisely the sheaves having resolution of the form
0 −→ O(−3)⊕O(−2)
ϕ
−→ O ⊕O(1) −→ F −→ 0,
where ϕ12 6= 0.
Proof. Assume that F gives a point in MP2(6, 3) and satisfies the above cohomological
conditions. Put m = h0(F ⊗ Ω1(1)). The Beilinson free monad (2.2.1) [2] for F has the
form
0 −→ O(−2) −→ 4O(−2)⊕mO(−1) −→ mO(−1)⊕ 4O −→ O −→ 0
and yields the resolution
0 −→ O(−2) −→ 4O(−2)⊕mO(−1) −→ Ω1 ⊕ (m− 3)O(−1)⊕ 4O −→ F −→ 0.
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Note that m ≥ 3. Using the Euler sequence and arguing as at 2.1.4 [9] we arrive at a
resolution
0 −→ O(−2)
ψ
−→ O(−3)⊕O(−2)⊕mO(−1)
ϕ
−→ (m− 3)O(−1)⊕ 4O −→ F −→ 0
in which ψ11 = 0, ψ21 = 0, ϕ13 = 0 and the entries of ψ31 span V
∗. From the fact that
F maps surjectively onto Coker(ϕ11, ϕ12), we deduce the inequality m ≤ 4. In the sequel
we will assume that m = 3. Thus Coker(ψ31) ≃ Ω1(1) and we have a resolution
0 −→ O(−3)⊕O(−2)⊕ Ω1(1)
ϕ
−→ 4O −→ F −→ 0.
Arguing as at loc.cit., we see that Coker(ϕ13) ≃ O⊕O(1), which leads to a resolution as
in the proposition.
Conversely, assume that F has a resolution as in the proposition. The relations
h0(F(−1)) = 1, h1(F) = 1 are obvious, while the relation h0(F ⊗ Ω1(1)) = 3 follows
from Bott’s formulas. We need to show that F is semi-stable. Let F ′ ⊂ F be a subsheaf
of multiplicity at most 5. We will distinguish three situations according to the degree of
the greatest common divisor of ϕ12 and ϕ22.
Assume first that ϕ12 and ϕ22 have no common factor. Let Z ⊂ P2 be the zero-
dimensional scheme of length 6 given by the ideal (ϕ12, ϕ22). Notice that F = JZ(3),
where JZ ⊂ OC is the ideal of Z as a subscheme of the sextic curve C ⊂ P
2 given by the
equation det(ϕ) = 0. According to [7], lemma 6.7, there is a sheaf A ⊂ OC(3) containing
F ′ such that A/F ′ is supported on finitely many points and OC(3)/A is isomorphic to
OS(3) for a curve S ⊂ C of degree d ≤ 5. The slope of F ′ can be estimated as at 2.1.4
[9]:
PF ′(t) = PA(t)− h
0(A/F ′)
= POC (t+ 3)− POS(t + 3)− h
0(A/F ′)
= (6− d)t+
(d− 6)(d− 3)
2
− h0(A/F ′),
p(F ′) =
3− d
2
−
h0(A/F ′)
6− d
,
hence p(F ′) ≤ 1/2 except, possibly, when d = 1 and h0(A/F ′) ≤ 2. Thus we need to
examine the case when S is the line given by the equation ℓ = 0, where ℓ ∈ V ∗. If A = F ′,
then JS ⊂ JZ , hence Z is a subscheme of S. From Be´zout’s theorem we see that ℓ divides
both ϕ12 and ϕ22, contrary to our hypothesis. If h
0(A/F ′) = 1 or 2, then S contains a
subscheme of Z of length 4 or 5 and we get a contradiction as above.
Secondly, assume that gcd(ϕ12, ϕ22) = ℓ for some ℓ ∈ V ∗. Let L ⊂ P2 be the line given
by the equation ℓ = 0. We have an extension
0 −→ OL(−1) −→ F −→ E −→ 0,
E = Coker(ψ), ψ ∈ Hom(O(−3)⊕O(−1),O ⊕O(1)), ϕ12 = ℓψ12, ϕ22 = ℓψ22.
According to loc.cit., E gives a point in MP2(5, 3). Let E
′ be the image of F ′ in E . If E ′ 6= E ,
then p(E ′) ≤ 1/2, forcing p(F ′) ≤ 1/2. Assume that E ′ = E . The sheaf F ′ ∩ OL(−1) is
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zero because F ′ was assumed to have multiplicity at most 5. Thus the above extension
splits, hence, by loc.cit., we have the formula
h0(F ⊗ Ω1(1)) = h0(OL ⊗ Ω
1) + h0(E ⊗ Ω1(1)) = 4,
which is absurd.
Finally, if ϕ12 divides ϕ22, then F is stable equivalent to OQ(1)⊕OC for a quartic curve
Q and a conic curve C in P2. 
DenoteW4 = Hom(O(−3)⊕O(−2),O⊕O(1)) and letW4 ⊂W4 be the subset of injective
morphisms ϕ for which ϕ12 is non-zero and divides neither ϕ11 nor ϕ22. Let W41 ⊂ W4
be the subset of injective morphism ϕ for which ϕ12 is non-zero and divides either ϕ11 or
ϕ22. The algebraic group
G4 = (Aut(O(−3)⊕O(−2))× Aut(O ⊕O(1)))/C
∗
acts by conjugation on W4 and leaves W4 and W41 invariant. Let X4 and X41 be the
images of these sets under the map ϕ 7→ [Coker(ϕ)].
Proposition 5.2. The semi-stable sheaves on P2 that are stable-equivalent to OC⊕OQ(1)
for some conic curve C and quartic curve Q are precisely the cokernels of morphisms in
W32, or in W
D
32, or in W41. In particular, X41 = X32 and all sheaves giving points in X4
are stable.
Proof. Assume that we have an extension
0 −→ OQ(1) −→ F −→ OC −→ 0.
Then h1(F) = 0 or 1. In the first case, as seen at 4.5(i), F is the cokernel of some
morphism in W D32. In the second case we can apply the horseshoe lemma to find ϕ ∈ W41
such that F ≃ Coker(ϕ). The dual case in which F is an extension of OQ(1) by OC is
analogous. 
Proposition 5.3. There exists a geometric quotient of W4 by G4, which is a proper open
subset of a tower of bundles with fibre P21 and base a fibre bundle over P5 with fibre P6.
Moreover, W4/G4 is isomorphic to X4. In particular, X4 has codimension 5.
Proof. The linear algebraic group G = Aut(O ⊕ O(1)) acts on the vector space U =
Hom(O(−2),O ⊕ O(1)) by left-multiplication. Consider the open G-invariant subset
U ⊂ U of morphisms ψ for which ψ11 is non-zero and does not divide ψ21. Consider
the fibre bundle with base P(S2 V ∗) and fibre P(S3 V ∗/V ∗q) at any point of the base
represented by q ∈ S2 V ∗. Clearly this fibre bundle is the geometric quotient of U modulo
G.
Consider the open G4-invariant subset W
′
4 ⊂ W4 of morphisms ϕ whose restriction to
O(−2) lies in U . ClearlyW ′4 is the trivial vector bundle over U with fibre Hom(O(−3),O⊕
O(1)). Consider the sub-bundle Σ ⊂W ′4 given by the conditions
ϕ11 = ϕ12u, ϕ21 = ϕ22u, u ∈ Hom(O(−3),O(−2)).
As at 2.2.5 [9], the quotient bundle W ′4/Σ is G-linearised, hence it descends to a vector
bundle E over U/G. Its projectivisation P(E) is the geometric quotient of W ′4 \Σ modulo
G4. Notice that W4 is a proper open G4-invariant subset of W
′
4 \ Σ. Thus W4/G4 exists
as a proper open subset of P(E).
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The argument at proposition 7.1 below shows that the canonical map W4 → X4 is a
geometric quotient map. 
Proposition 5.4. The generic sheaves in X4 have the form OC(3)(−P1−· · ·−P6), where
C ⊂ P2 is a smooth sextic curve and Pi are six distinct points on C which lie on a conic
curve and no four of which lie on a line. In particular, X4 is contained in the closure of
X3 and also in the closure of X
D
3 .
Proof. Let W40 ⊂ W4 be the subset of morphisms ϕ satisfying the following conditions:
the curve given by the equation det(ϕ) = 0 is smooth, ϕ12 and ϕ22 have no common factor
and the curves they determine meet at six distinct points P1, . . . , P6. Notice that no four
among these points are colinear. As already mentioned in the proof of 5.1, Coker(ϕ) is
isomorphic to OC(3)(−P1 − · · · − P6) if ϕ ∈ W40.
Conversely, assume that we are given a sheaf as in the proposition. Let A be the conic
curve passing through P1, . . . , P6. If A is irreducible, then it is easy to find a cubic curve
B passing through P1, . . . , P6 that does not contain A. If A is reducible, then A is the
union of two distinct lines L1, L2 and exactly three points lie on each line, say P1, P2, P3
lie on L1 and P4, P5, P6 lie on L2. Take B to be the union of the lines P1P4, P2P5, P3P6.
Choose ϕ12 ∈ S
2 V ∗, ϕ22 ∈ S
3 V ∗, f ∈ S6 V ∗ defining A, B, C. We can find ϕ11 ∈ S
3 V ∗,
ϕ21 ∈ S
4 V ∗ such that f = ϕ11ϕ22 − ϕ12ϕ21. Thus (ϕij) represents a morphism in W40
whose cokernel is isomorphic to OC(3)(−P1 − · · · − P6).
To prove the inclusion X4 ⊂ X3 fix a generic sheaf F in X4 as in the proposition.
Clearly we can find six distinct points Qi on C that are not contained in a conic curve
such that Qi converges to Pi for 1 ≤ i ≤ 6. According to 4.4, OC(3)(−Q1 − · · · − Q6)
gives a point in X3. This point converges to F as Qi approach Pi. By duality X4 is also
contained in the closure of XD3 . 
6. The codimension 6 stratum
Proposition 6.1. The sheaves F giving points in MP2(6, 3) and satisfying the cohomo-
logical conditions
h0(F(−1)) = 1, h1(F) = 1, h0(F ⊗ Ω1(1)) = 4,
are precisely the sheaves having resolution of the form
0 −→ O(−3)⊕O(−2)⊕O(−1)
ϕ
−→ O(−1)⊕O ⊕O(1) −→ F −→ 0,
ϕ =

 q1 ℓ1 0⋆ ⋆ ℓ2
⋆ ⋆ q2

 ,
where ℓ1, ℓ2 ∈ V ∗ are different from zero, ℓ1 does not divide q1, ℓ2 does not divide q2.
Proof. Let F give a point in MP2(6, 3) and satisfy the cohomological conditions from the
proposition. At 5.1 we found the resolution
0 −→ O(−3)⊕O(−2)⊕O(−1)⊕ Ω1(1)
ϕ
−→ O(−1)⊕ 4O −→ F −→ 0,
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with ϕ13 = 0, ϕ14 = 0. The cokernel of ϕ24 is isomorphic to O⊕O(1), otherwise F would
have a destabilising quotient sheaf that is the cokernel of a morphism
O(−3)⊕O(−2)⊕O(−1) −→ O(−1)⊕ 2O
(see 2.1.4 [9]). We obtain a resolution as in the proposition. The conditions on ℓ1, ℓ2, q1, q2
follow from the semi-stability of F . For instance, if ℓ1 divided q1, then F would have a
destabilising quotient sheaf of the form OL(−1) for a line L ⊂ P2.
Conversely, assume that F = Coker(ϕ) for some morphism ϕ as in the proposition. Let
Z ⊂ P2 be the zero-dimensional scheme of length 2 given by the ideal (q1, ℓ1). From the
snake lemma we get an extension
0 −→ E −→ F −→ OZ −→ 0,
where E has a resolution
0 −→ O(−4)⊕O(−1)
ψ
−→ O ⊕O(1) −→ E −→ 0
in which ψ12 = ℓ2, ψ22 = q2. According to 6.2 [10], E gives a point in MP2(6, 1). Assume
that there is a destabilising subsheaf F ′ ⊂ F . We may assume that F ′ is stable and that
it has multiplicity at most 5. Thus E ∩F ′ is a proper subsheaf of E , forcing p(E ∩F ′) ≤ 0.
It follows that F ′ gives a point in one of the following moduli spaces: MP2(1, 1), MP2(1, 2),
MP2(2, 2), MP2(3, 2). In the first case we have a commutative diagram
0 // O(−1) //
β

O //
α

F ′ //

0
0 // O(−3)⊕O(−2)⊕O(−1) // O(−1)⊕O ⊕O(1) // F // 0
in which α is injective because it is injective on global sections. Thus
β ∼

 00
1

 and α ∼

 01
0

 or α ∼

 00
u

 .
Thus ℓ2 = 0 or ℓ2 divides q2, contradicting our hypothesis. In the second case we have
a similar diagram in which β must be zero, hence α must factor through F ′, which is
absurd. If F ′ gives a point in MP2(2, 2), then we have a diagram
0 // 2O(−1) //
β

2O //
α

F ′ //

0
0 // O(−3)⊕O(−2)⊕O(−1) // O(−1)⊕O ⊕O(1) // F // 0
.
Since β cannot be injective, we see that α is not injective, so we my assume that
α =

 0 00 0
u1 u2

 , β =

 0 00 0
1 0

 ,
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for some linearly independent one-forms u1, u2. We obtain the contradictory conclusion
that ℓ2 = 0. Assume, finally, that F ′ gives a point in MP2(3, 2). We have a diagram
0 // O(−2)⊕O(−1) //
β

2O //
α

F ′ //

0
0 // O(−3)⊕O(−2)⊕O(−1) // O(−1)⊕O ⊕O(1) // F // 0
in which either α and β are both injective or
α ∼

 0 00 0
u1 u2

 and β ∼

 0 01 0
0 0

 or β ∼

 0 00 0
u 0

 .
Thus ℓ1 = 0 or ℓ2 = 0, which yields a contradiction. 
Denote W5 = Hom(O(−3) ⊕ O(−2) ⊕ O(−1),O(−1) ⊕ O ⊕ O(1)) and let W5 ⊂ W5
be the subset of morphism satisfying the conditions of 6.1. Denote by G5 the canonical
group acting by conjugation W5. Let X5 ⊂ MP2(6, 3) be the image of W5 under the map
ϕ 7→ [Coker(ϕ)].
Proposition 6.2. There exists a geometric quotient of W5 modulo G5, which is a proper
open subset of a fibre bundle with base HilbP2(2) × HilbP2(2) and fibre P
23. Moreover,
W5/G5 is isomorphic to X5. In particular, X5 has codimension 6.
Proof. The construction ofW5/G5 is nearly identical to the construction of the quotient at
3.2.3 [9]. The set of pairs (q1, ℓ1) is acted upon by Aut(O(−3)⊕O(−2)) and the quotient
is HilbP2(2). Thus the base HilbP2(2) × HilbP2(2) accounts for the set of quadruples
(q1, ℓ1, q2, ℓ2) modulo the action of the appropriate group. The fibre accounts for the
space Hom(O(−3) ⊕ O(−2),O ⊕ O(1)) modulo the subspace of morphisms represented
by matrices of the form[
v1
v2
] [
q1 ℓ1
]
+
[
ℓ2
q2
] [
u1 u2
]
, v1, u2 ∈ V
∗, v2, u1 ∈ S
2 V ∗.
The argument at 7.1 below shows that the canonical bijective morphism W5/G5 → X5 is
an isomorphism. 
Proposition 6.3. The sheaves giving points in X5 are precisely the extension sheaves of
the form
0 −→ E −→ F −→ OZ −→ 0,
that satisfy the conditions h1(F) = 1, h1(F(1)) = 0. Here E denotes an arbitrary sheaf
giving a point in the stratum X5 of MP2(6, 1) (cf. 6.2 [10]) and Z ⊂ P
2 is an arbitrary
zero-dimensional scheme of length 2.
The generic sheaves in X5 have the form OC(2)(P1 +Q1 − P2 −Q2), where C ⊂ P2 is
a smooth sextic curve and P1, Q1, P2, Q2 are four distinct points on C. In particular, X5
is contained in the closure of X2.
22 MARIO MAICAN
Proof. If F gives a point in X5 then, clearly, h
1(F) = 1 and h1(F(1)) = 0. Moreover, we
saw at 6.1 that F is an extension of OZ by E . For the converse we combine the resolution
of E at 6.1 with the resolution
0 −→ O(−4) −→ O(−3)⊕O(−2) −→ O(−1) −→ OZ −→ 0.
In order to do this we need to show that there is a global section of F(1) that maps
to a section of OZ generating this sheaf as an OP2-module. Since h
0(E(1)) = 8 and
h0(F(1)) = 9, there is a global section of F(1) mapping to a non-zero section s of OZ .
Consider the extension
0 −→ Cz1 −→ OZ −→ Cz2 −→ 0,
where z1, z2 are closed points of P
2, not necessarily distinct. If s maps to zero in Cz2,
then s generates Cz1. Let F
′ be the preimage of Cz1 in F . We may combine the above
resolution of E with the resolution
0 −→ O(−3) −→ 2O(−2) −→ O(−1) −→ Cz1 −→ 0
to obtain the resolution
0 −→ O(−3) −→ O(−4)⊕ 2O(−2)⊕O(−1) −→ O(−1)⊕O ⊕O(1) −→ F ′ −→ 0.
From this we get h0(F ′) = 5, which is absurd, because h0(F ′) cannot exceed h0(F). Thus
the image of s in Cz2 is non-zero. This proves that s generates OZ in the case when
z1 = z2. If z1 6= z2, we can revert the roles of z1 and z2 in the above argument to show
that s also does not vanish at z1. Thus s generates OZ . Applying the horseshoe lemma
we obtain a resolution
0 −→ O(−4) −→ O(−4)⊕O(−3)⊕O(−2)⊕O(−1) −→ O(−1)⊕O⊕O(1) −→ F −→ 0
in which O(−4) can be canceled, otherwise h1(F) would equal 3. Thus we obtain ϕ ∈W5
such that F = Coker(ϕ). It is clear that ϕ is in W5.
Let W50 ⊂ W5 denote the open subset of morphisms ϕ satisfying the following condi-
tions: the curve C given by the equation det(ϕ) = 0 is smooth; q1 and ℓ1 vanish at two
distinct points P1, Q1; q2 and ℓ2 vanish at two distinct points P2, Q2, that are also distinct
from P1, Q1. Let X50 be the image of W50 in MP2(6, 3). Given ϕ ∈ W50 we can apply
the snake lemma to deduce that Coker(ϕ) ≃ OC(2)(P1 + Q1 − P2 − Q2). Conversely,
we must show that any such sheaf gives a point in X50. According to 6.2 [10], the sheaf
E = OC(2)(−P2 −Q2) gives a point in the stratum X5 of MP2(6, 1). Let Z be the union
of P1 and Q1. Our aim is to apply the horseshoe lemma to the extension
0 −→ E −→ F −→ OZ −→ 0.
For this we need to show that F(1) has a global section that does not vanish at P1 and
also does not vanish at Q1. Let ε1, ε2 ∈ H
0(OZ)∗ be the linear forms of evaluation at
P1, Q1. Let δ : H
0(OZ) → H
1(E(1)) be the connecting homomorphism associated to the
above exact sequence tensored with O(1). We must show that each εi is not orthogonal
to the kernel of δ, that is each εi is not in the image of the dual map δ
∗. To see this we
SEMI-STABLE PLANE SHEAVES WITH HILBERT POLYNOMIAL P(m) = 6m+ 3 23
argue as at 2.3.2 [9]. By Serre duality δ∗ is the restriction homomorphism
H0(OC(−3)(P2 +Q2)⊗ ωC) // H
0((OC(−3)(P2 +Q2)⊗ ωC)|Z)
H0(OC(P2 +Q2)) H
0(OC(P2 +Q2)|Z)
H0(OC) H
0(OC |Z)
Let Y be the union of P2 and Q2. The identification H
0(OC(P2 + Q2)) = H
0(OC) = C
follows from the fact that the connecting homomorphism associated to the exact sequence
0 −→ OC −→ OC(P2 +Q2) −→ OY −→ 0
is injective. Indeed, the dual of this homomorphism is surjective. By Serre duality this is
equivalent to saying that the restriction morphism
H0(OC(3)) = H
0(ωC) −→ H
0(ωC |Y ) = H
0(OC(3)|Y )
is surjective. This is obvious: we can find a cubic form vanishing at any of the points of
Y and that does not vanish at the other point.
Given a regular function f on C, δ∗(f) is a non-zero multiple of ε1 precisely if f vanishes
at Q1 and does not vanish at P1. Such a regular function on C does not exist. Thus ε1
is not in the image of δ∗ and ditto for ε2. We are now in position to apply the horseshoe
lemma. We obtain a resolution
0 −→ O(−4) −→ O(−4)⊕O(−3)⊕O(−2)⊕O(−1) −→ O(−1)⊕O⊕O(1) −→ F −→ 0.
If the morphism O(−4)→ O(−4) were zero, then, arguing as at 2.3.2 [9], we could deduce
that F is a split extension of OZ by E , which would be absurd. Thus we may cancel O(−4)
to obtain ϕ ∈ W50 such that F ≃ Coker(ϕ).
To prove the inclusion X5 ⊂ X2 fix a generic sheaf OC(2)(P1 + Q1 − P2 − Q2) in X5.
Choose points R1, R2 on C such that
OC(2)(P1 +Q1 +R1 − P2 −Q2 − R2)
is a generic sheaf in X2, cf. 4.2. Making R1 converge to R2 we obtain a sequence of points
in X2 that converges to the fixed point of X5. 
7. The union of the codimension 5 and codimension 6 strata
The stratum X4, as we saw above, is parametrised by an open subset inside W4 while X5
is parametrised by an open subset inside the closed subset of W5 given by the condition
ϕ13 = 0. It is thus natural to ask whether the union X = X4 ∪X5 is parametrised by an
open subset of W5. Notice that X is locally closed, being the set of points represented
by stable sheaves inside the locally closed subset of MP2(6, 3) given by the conditions
h0(F(−1)) = 1, h1(F) = 1. Let W ⊂ W5 be the set of injective morphisms ϕ for which
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Coker(ϕ) is stable. Concretely, W is the union ofW5 with the set of morphisms equivalent
to morphisms of the form [
0 1
ψ 0
]
, ψ ∈ W4.
In this section we will write G = G5. Clearly W is open, G-invariant and X is its image
under the map ϕ 7→ [Coker(ϕ)]. We will show that X is a geometric quotient of W by
G. Following 4.3 [2], we will describe X as an open subset of the blow-up of a certain
compactification of X4 along a smooth subvariety. This compactification is the tower of
bundles from proposition 5.3. The locally closed subset X5 ⊂ X is an open subset of the
special divisor of this blow-up.
Proposition 7.1. There exists a geometric quotient of W by G, which is isomorphic
to the subset X ⊂ MP2(6, 3) of stable sheaves satisfying the conditions h
0(F(−1)) = 1,
h1(F) = 1.
Proof. Due to the fact that all sheaves giving points in X are stable, it is easy to see that
the fibres of the canonical morphism W → X are G-orbits. Using the method of 3.1.6
[2], we will show that this is a categorical quotient map. Applying [12], remark (2), p. 5,
we will deduce that X is normal. From [13], theorem 4.2, we will conclude that the map
W → X is a geometric quotient.
Given [F ] in X we will construct ϕ ∈ W in the fibre of [F ] by performing algebraic
operations on the Beilinson spectral sequence I converging to F(1). The display diagram
for its first term E1 reads:
H1(F(−1))⊗ Ω2(2)
ϕ1
// H1(F)⊗ Ω1(1)
ϕ2
// H1(F(1))⊗O
H0(F(−1))⊗ Ω2(2)
ϕ3
// H0(F)⊗ Ω1(1)
ϕ4
// H0(F(1))⊗O
.
According to proposition 9.1 below, the group H1(F(1)) vanishes. The above diagram
takes the form
4O(−1)
ϕ1
// Ω1(1) 0
O(−1)
ϕ3
// 4Ω1(1)
ϕ4
// 9O
.
Notice that F(1) maps surjectively to Coker(ϕ1), hence, arguing as at 4.2 [10], Coker(ϕ1) =
0 and Ker(ϕ1) ≃ O(−2)⊕O(−1). The display diagram for E
2(F(1)) becomes
Ker(ϕ1)
ϕ5
++❳❳❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
❳
0 0
Ker(ϕ3) Ker(ϕ4)/Im(ϕ3) Coker(ϕ4)
.
Thus E3 = E∞, ϕ3 and ϕ5 are injective, F(1) is isomorphic to Coker(ϕ5) and Ker(ϕ4) =
Im(ϕ3). Note that ϕ5 factors through 9O, so we have the resolution
0 −→ O(−1) −→ O(−2)⊕O(−1)⊕ 4Ω1(1) −→ 9O −→ F(1) −→ 0.
SEMI-STABLE PLANE SHEAVES WITH HILBERT POLYNOMIAL P(m) = 6m+ 3 25
The morphism 4Ω1(1)→ 9O factors through the morphism 4Ω1(1)→ 12O obtained from
the Euler sequence. This leads to the resolution
0 −→ O(−1) −→ O(−2)⊕O(−1)⊕ 12O
ϕ
−→ 9O ⊕ 4O(1) −→ F(1) −→ 0.
Notice that rank(ϕ13) ≥ 8, otherwise F(1) would map surjectively to the cokernel of
a morphism O(−2) ⊕ O(−1) → 2O, in violation of semi-stability. Canceling 8O and
twisting by −1 we get a resolution
0 −→ O(−2)
ψ
−→ O(−3)⊕O(−2)⊕ 4O(−1)
ϕ
−→ O(−1)⊕ 4O −→ F −→ 0
in which ψ11 = 0, ψ21 = 0. If ϕ13 = 0, then, arguing as in the proof of 2.1.4 [9], we can
show that Coker(ψ31) ≃ O(−1) ⊕ Ω1(1). If ϕ13 = 0 roughly the same argument applies.
We are led to a resolution
0 −→ O(−3)⊕O(−2)⊕O(−1)⊕ Ω1(1)
ϕ
−→ O(−1)⊕ 4O −→ F −→ 0
in which ϕ14 = 0. As at loc.cit., we have the factorisation ϕ24 = β ◦ i. If β were not
injective, then F would map surjectively onto the cokernel of a morphism
O(−3)⊕O(−2)⊕O(−1) −→ O(−1)⊕ 2O,
in violation of semi-stability. Thus β is injective, i.e. Coker(ϕ24) ≃ O⊕O(1), and we get
the resolution
0 −→ O(−3)⊕O(−2)⊕O(−1)
ϕ
−→ O(−1)⊕O ⊕O(1) −→ F −→ 0.
By definition ϕ belongs to W . 
In the sequel we will represent elements ϕ ∈W5 and tangent vectors w at ϕ by matrices
ϕ =

 q1 ℓ1 cf1 q ℓ2
p f2 q2

 , w =

 q
′
1 ℓ
′
1 c
′
f ′1 q
′ ℓ′2
p′ f ′2 q
′
2

 .
Elements ψ ∈W4 and tangent vectors u at ψ will be represented by matrices
ψ =
[
f1 q
p f2
]
, u =
[
f ′1 q
′
p′ f ′2
]
.
Consider the open G4-invariant subset U ⊂W4 given by the conditions q 6= 0, q ∤ f1, q ∤ f2.
Clearly U is contained in the set W ′4 \ Σ of 5.3, hence there exists a geometric quotient
U/G4 as an open subset of the projective variety (W
′
4 \ Σ)/G4, which was described as a
tower of bundles at loc.cit. In particular, U/G4 is smooth. Denote by γ : U → U/G4 the
quotient map. Note thatW4 is the subset of injective morphisms inside U . Its complement
Z = U \W4 consists of those morphisms represented by matrices of the form[
ℓ2
q2
] [
q1 ℓ1
]
where ℓ1, ℓ2 ∈ V ∗ are non-zero, q1 ∈ S
2 V ∗ is non-divisible by ℓ1, q2 ∈ S
2 V ∗ is non-divisible
by ℓ2. Thus Z/G4 ≃ HilbP2(2)×HilbP2(2). This is a smooth subvariety of U/G4 which we
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denote by S. Let B denote the blow-up of U/G4 along S and let β : B → U/G4 denote
the blowing-down map. Following 4.3 [2] we define the map
δ : W −→ U, δ(ϕ) = c
[
f1 q
p f2
]
−
[
ℓ2
q2
] [
q1 ℓ1
]
.
Notice that γ ◦ δ maps the smooth hypersurface W5 to S. By the universal property of
the blow-up there is a morphism α making the diagram commute:
W
δ
//
α

U
γ

B
β
// U/G4
.
Proposition 7.2. The image of α is an open subset B0 of B and the map W → B0 is a
geometric quotient for the action of G. Thus X is isomorphic to B0.
Proof. Firstly, we will show that the fibres of α are the G-orbits. Secondly, we will show
that α has surjective differential at every point. Thus B0 is open, hence smooth. Applying
[13], theorem 4.2, we will conclude that the map W → B0 is a geometric quotient modulo
G.
Notice that δ(W \W5) = W4. In fact, it is a trivial observation that the fibres of the
composite map W \W5
δ
→ W4
γ
→ W4/G4 are the G-orbits. Thus α : W \W5 → B \ E is
a geometric quotient, E being the exceptional divisor of the blow-up.
Fix a point s ∈ S. Recall that β−1(s) = P(Ns), where N is the normal bundle of S in
U/G4. Choose a point ψ ∈ U lying over s of the form
ψ =
[
ℓ2
q2
] [
q1 ℓ1
]
.
We identify Ns with the fibre over ψ of the normal bundle of Z in U , that is with
Tψ U/Tψ Z. Since Z is smooth, Tψ Z can be identified with the space of matrices[
ℓ2
q2
] [
q′1 ℓ
′
1
]
+
[
ℓ′2
q′2
] [
q1 ℓ1
]
, ℓ′1, ℓ
′
2 ∈ V
∗, q′1, q
′
2 ∈ S
2 V ∗.
Choose ϕ ∈ W5 lying over ψ. The differential of δ at ϕ is given by the formula
d δϕ(w) = c
′
[
f1 q
p f2
]
−
[
ℓ2
q2
] [
q′1 ℓ
′
1
]
−
[
ℓ′2
q′2
] [
q1 ℓ1
]
.
The tangent vector ν ∈ TϕW given by the matrix
 0 0 10 0 0
0 0 0


lies in the normal direction to W5 at ϕ, hence
α(ϕ) = (〈d δϕ(ν) mod Tψ Z〉, s) =
(
〈
[
f1 q
p f2
]
mod Tψ Z〉, s
)
.
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Fix g ∈ G. Denote by the same letter the map W → W of multiplication by g. Since W5
is G-invariant, d gϕ(ν) is a normal vector to W5 at gϕ. Thus, taking into account that
γ ◦ δ ◦ g = γ ◦ δ, we have
α(gϕ) = (〈d(γ ◦ δ)gϕ(d gϕ(ν)) mod Tγ◦δ(gϕ) S〉, γ ◦ δ(gϕ))
= (〈d(γ ◦ δ ◦ g)ϕ(ν) mod Tγ◦δ◦g(ϕ) S〉, γ ◦ δ ◦ g(ϕ))
= (〈d(γ ◦ δ)ϕ(ν) mod Tγ◦δ(ϕ) S〉, γ ◦ δ(ϕ))
= α(ϕ).
This shows that α is G-equivariant. Assume now that α(ϕ¯) = α(ϕ) for ϕ¯, ϕ ∈ W5.
Performing, possibly, elementary operations on ϕ¯ we may assume that δ(ϕ¯) = δ(ϕ), i.e.
[
ℓ¯2
q¯2
] [
q¯1 ℓ¯1
]
=
[
ℓ2
q2
] [
q1 ℓ1
]
.
Thus ℓ1 divides both ℓ¯1ℓ¯2 and ℓ¯1q¯2, hence ℓ¯1 = aℓ1 for some a ∈ C∗, hence q¯1 = aq1,
ℓ¯2 = a
−1ℓ2, q¯2 = a
−1q2. Performing, possibly, elementary operations on ϕ¯, we may
assume that
ϕ¯ =

 q1 ℓ1 0f¯1 q¯ ℓ2
p¯ f¯2 q2

 .
The relation α(ϕ¯) = α(ϕ) is equivalent to saying that
〈
[
f¯1 q¯
p¯ f¯2
]
mod Tψ Z〉 = 〈
[
f1 q
p f2
]
mod Tψ Z〉,
which is equivalent to saying that there are b ∈ C∗ and ℓ′1, ℓ
′
2 ∈ V
∗, q′1, q
′
2 ∈ S
2 V ∗ such
that [
f¯1 q¯
p¯ f¯2
]
= b
[
f1 q
p f2
]
+
[
ℓ2
q2
] [
q′1 ℓ
′
1
]
+
[
ℓ′2
q′2
] [
q1 ℓ1
]
.
From this it immediately follows that ϕ¯ is in the orbit of ϕ. This proves that the fibres
of α are the G-orbits.
It remains to show that α has surjective differential at every point ϕ ∈ W5. By con-
struction dαϕ(ν) is a normal vector to E at α(ϕ). Thus we only need to show that the
restriction W5
α
→ E has surjective differential at ϕ. The composite map W5
α
→ E
β
→ S
has surjective differential at every point because the maps W5
δ
→ Z and Z
γ
→ S enjoy
this property. Denote s = γ ◦ δ(ϕ), ψ = δ(ϕ). We have reduced the problem to showing
that the map α−1β−1(s)
α
→ P(Ns) has surjective differential at ϕ. Denote by A the affine
subset of W5 represented by matrices of the form
 q1 ℓ1 0f¯1 q¯ ℓ2
p¯ f¯2 q2

 ,
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q¯ ∈ S2 V ∗, f¯1, f¯2 ∈ S
3 V ∗, p¯ ∈ S4 V ∗. We have a commutative diagram
A ∩W5
π
//
i

Ns \ {0}

α−1β−1(s)
α
// P(Ns)
,
where i is the inclusion map and π is given by the formula
 q1 ℓ1 0f¯1 q¯ ℓ2
p¯ f¯2 q2

 7−→
[
f¯1 q¯
p¯ f¯2
]
mod Tψ Z.
Thus π is the restriction of linear surjective map A → Ns defined by the same formula
as above. As such, π has surjective differential at every point. Thus α ◦ i has surjective
differential at every point. We conclude that the map α−1β−1(s)
α
→ P(Ns) has surjective
differential at ϕ. 
In the next proposition we give some information about the closed subvariety E1 = B \B0
of B. Clearly E1 is a subvariety of the exceptional divisor. Let ∆1 ⊂ HilbP2(2)×HilbP2(2)
denote the subvariety of pairs of zero-dimensional subschemes of length 2 that have at
least one point in common. Let ∆ ⊂ HilbP2(2)×HilbP2(2) denote the diagonal subvariety.
Proposition 7.3. The blowing-down map sends E1 to ∆1. Its restriction β1 : E1 → ∆1
is an isomorphism away from ∆. The fibres of β1 over points of ∆ are isomorphic to P
1.
Proof. We study the fibres of β1 by explicit calculations, as in 4.3.4 [2]. Consider first a
point s = γ(ψ) ∈ S,
ψ =
[
ℓ2
q2
] [
q1 ℓ1
]
,
where ℓ2 is not a multiple of ℓ1. We choose the following canonical form for elements
ϕ ∈ W5 mapping to s: 
 q1(Y, Z) X 0f1(X,Z) aZ2 Y
p(X, Y, Z) f2(Y, Z) q2(X,Z)

 ,
where a ∈ C. Let A denote the vector space of matrices of the form[
f1(X,Z) aZ
2
p(X, Y, Z) f2(Y, Z)
]
.
The map α : A \ {0} → P(Ns) given by the formula[
f1 q
p f2
]
7−→ 〈
[
f1 q
p f2
]
mod Tψ Z〉
is well-defined and clearly surjective. Indeed, assume that[
f1 q
p f2
]
=
[
Y
q2
] [
q′1 ℓ
′
1
]
+
[
ℓ′2
q′2
] [
q1 X
]
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for some ℓ′1, ℓ
′
2 ∈ V
∗, q′1, q
′
2 ∈ S
2 V ∗. The relation aZ2 = Y ℓ′1 +Xℓ
′
2 shows that a = 0 and
ℓ′1 = bX , ℓ
′
2 = −bY for some b ∈ C. The relation f1 = Y q
′
1 − bY q1 shows that f1 = 0 and
q′1 = bq1. Analogously f2 = 0 and q
′
2 = −bq2. We have
p = q2q
′
1 + q
′
2q1 = q2bq1 − bq2q1 = 0.
Thus A∩Tψ Z = {0}. Note that E1∩P(Ns) is the image under α of the subset of A\{0}
given by the condition det(ϕ) 6= 0. This condition reads
aZ2q1q2 − q1Y f2 −Xf1q2 +XY p = 0.
There are linear forms λ1(Y, Z), λ2(X,Z) and constants a1, a2 such that
q1 = Y λ1(Y, Z) + a1Z
2, q2 = Xλ2(X,Z) + a2Z
2.
Notice that s belongs to ∆1 precisely if a1 = 0 and a2 = 0. The above condition becomes
q1(aZ
2Xλ2 + aa2Z
4 − Y f2) = Xf1q2 −XY p.
Since X divides aa2Z
4 − Y f2 we have aa2 = 0 and f2 = 0. Analogously we have aa1 = 0
and f1 = 0. The condition det(ϕ) = 0 becomes
aZ2(Y λ1 + a1Z
2)(Xλ2 + a2Z
2) +XY p = 0, that is p = −aZ2λ1λ2.
If s /∈ ∆1, then a = 0, hence E1 ∩ P(Ns) = ∅. If s ∈ ∆1, then E1 ∩ P(Ns) is a point,
namely it is the image under α of the set of non-zero matrices of the form[
0 aZ2
−aZ2λ1λ2 0
]
.
Assume now that s is such that ℓ2 is a multiple of ℓ1. The elements ϕ ∈ W5 mapping to
s have canonical form 
 q1(Y, Z) X 0f1(Y, Z) q(Y, Z) X
p(X, Y, Z) f2(Y, Z) q2(Y, Z)

 .
Let A denote the vector space of matrices of the form[
f1(Y, Z) q(Y, Z)
p(X, Y, Z) f2(Y, Z)
]
.
The map α : A\Tψ Z → P(Ns) defined by the same formula as above is clearly surjective.
We claim that A ∩ Tψ Z is the subspace of matrices of the form[
−ℓq1 0
0 ℓq2
]
,
where ℓ is a linear form in Y and Z. Indeed, A ∩ Tψ Z is given by the relation[
f1 q
p f2
]
=
[
X
q2
] [
q′1 ℓ
′
1
]
+
[
ℓ′2
q′2
] [
q1 X
]
.
The relation q = X(ℓ′1 + ℓ
′
2) forces q = 0 and ℓ
′
1 = −ℓ
′
2 = aX + bY + cZ. The relation
f1 = Xq
′
1 − (aX + bY + cZ)q1 shows that
f1 = −(bY + cZ)q1, q
′
1 = aq1. Analogously we have f2 = (bY + cZ)q2, q
′
2 = −aq2,
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hence
p = q2q
′
1 + q
′
2q1 = q2aq1 − aq2q1 = 0.
Next we determine the subspace of A given by the relation det(A) = 0, which reads
q1qq2 − q1Xf2 − f1Xq2 +X
2p = 0.
Since q1qq2 is divisible by X we see that q = 0 and Xp = q1f2 + f1q2, forcing p = 0 and
f1q2 = −f2q1. If s /∈ ∆1, then q1 and q2 have no common factor, hence[
f1 q
p f2
]
belongs to A∩Tψ Z. In this case we get E1 ∩P(Ns) = ∅. If s ∈ ∆1 \∆, then the greatest
common divisor of q1 and q2 is a linear form, so the condition det(ϕ) = 0 determines a
three-dimensional subspace of A. In this case E1 ∩ P(Ns) is a point. If s ∈ ∆, then q2 is
a multiple of q1 and we get a subspace of dimension 4, hence E1 ∩ P(Ns) is isomorphic to
P1.
In conclusion, β(E1) = ∆1, the restriction of the blow-down map β1 : E1 → ∆1 is
bijective over ∆1 \∆ and its fibres over ∆ are isomorphic to P
1. Since ∆1 \∆ is smooth,
β1 determines an isomorphism E1 \ β−1(∆)→ ∆1 \∆. 
Notice that ∆ is a smooth subvariety of ∆1 of codimension 2. It is thus natural to ask
whether E1 is the blow-up of ∆1 along ∆.
8. The codimension 8 stratum
Proposition 8.1. Let F give a point in MP2(6, 3) and satisfy the conditions h
0(F(−1)) =
2, h1(F) = 2. Then h0(F ⊗ Ω1(1)) = 6. These sheaves are precisely the sheaves having
resolution of the form
0 −→ 2O(−3)⊕O
ϕ
−→ O(−2)⊕ 2O(1) −→ F −→ 0,
where ϕ11 has linearly independent entries and ditto for ϕ22.
Proof. Assume that F gives a point in MP2(6, 3) and satisfies the conditions h
0(F(−1)) =
2, h1(F) = 2. Put m = h0(F ⊗ Ω1(1)). The Beilinson free monad for F
0 −→ 2O(−2) −→ 5O(−2)⊕mO(−1) −→ mO(−1)⊕ 5O
η
−→ 2O −→ 0
yields the resolution
0 −→ 2O(−2)
ψ
−→ 5O(−2)⊕mO(−1)
ϕ
−→ Ker(η11)⊕ 5O −→ F −→ 0.
Here ψ11 = 0, ϕ12 = 0. We have m ≤ 7 because F maps surjectively to Coker(ϕ11).
If m = 7, then Coker(ϕ11) would be a destabilising quotient sheaf of F . Thus m ≤ 6.
The cases when m ≤ 5 can be eliminated as in the proof of 3.1.3 [9]. This proves that
m = 6. Arguing as at 3.2.5 op.cit., we can show that Coker(ψ12) ≃ 2Ω1(1). According
to [8], lemma 3, dualising the free monad for F yields a monad for the dual sheaf FD.
The latter gives a point in MP2(6,−3), cf. op.cit. From what was said above it follows
that the morphism ηT11 ∈ Hom(2O(−3), 6O(−2)) has cokernel 2Ω
1, which is equivalent to
saying that Ker(η11) ≃ 2Ω1. Presently we arrive at the resolution
0 −→ 5O(−2)⊕ 2Ω1(1)
ϕ
−→ 2Ω1 ⊕ 5O −→ F −→ 0.
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Using the Euler sequence we get a resolution
0 −→ 2O(−3)⊕ 5O(−2)⊕ 2Ω1(1)
ϕ
−→ 6O(−2)⊕ 5O −→ F −→ 0
in which ϕ13 = 0. If rank(ϕ12) ≤ 4, then F would map surjectively onto the cokernel of
a morphism 2O(−3) → 2O(−2), in violation of semi-stability. Thus rank(ϕ12) = 5 and
canceling 5O(−2) we get the resolution
0 −→ 2O(−3)⊕ 2Ω1(1) −→ O(−2)⊕ 5O −→ F −→ 0.
Using again the Euler sequence we get the resolution
0 −→ 2O(−3)⊕ 6O
ϕ
−→ O(−2)⊕ 5O ⊕ 2O(1) −→ F −→ 0.
If rank(ϕ22) ≤ 4, then F would map surjectively to the cokernel of a morphism 2O(−3)→
O(−2) ⊕ O, in violation of semi-stability. Thus rank(ϕ22) = 5 and canceling 5O we get
the resolution
0 −→ 2O(−3)⊕O
ϕ
−→ O(−2)⊕ 2O(1) −→ F −→ 0.
The conditions on ϕ11 and on ϕ22 from the proposition follow from the semi-stability of
F .
Conversely, assume that F has a resolution as in the proposition. From the snake
lemma we get an extension
0 −→ E −→ F −→ Cx −→ 0,
where Cx = Coker(ϕ11) and E has a resolution
0 −→ O(−4)⊕O
ψ
−→ 2O(1) −→ E −→ 0
in which ψ12 = ϕ22. According to 6.1 [11], E is stable. It is now straightforward to check
that any possibly destabilising subsheaf of F must be isomorphic to OL for some line
L ⊂ P2. Assume that F had such a subsheaf. We would then get a commutative diagram
0 // O(−1)
ℓ
//
β

O //
α

OL //

0
0 // 2O(−3)⊕O
ϕ
// O(−2)⊕ 2O(1) // F // 0
with injective α and β. The relation ϕ22β21 = α21ℓ shows that β21 is a multiple of ℓ
and that α21 is a multiple of ϕ22. Thus Coker(α) is torsion-free. Since Coker(β) maps
injectively to Coker(α), it follows that Coker(β) is also torsion-free. This is absurd because
OL is a direct summand of Coker(β). 
Let W6 = Hom(2O(−3) ⊕ O,O(−2) ⊕ 2O(1)) and let W6 ⊂ W6 be the open subset of
morphisms ϕ as in proposition 8.1. Let
G6 = (Aut(2O(−3)⊕O)× Aut(O(−2)⊕ 2O(1)))/C
∗
be the natural group acting by conjugation on W6. Let X6 ⊂ MP2(6, 3) be the image of
W6 under the canonical morphism ϕ 7→ [Coker(ϕ)].
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Proposition 8.2. There exists a geometric quotient of W6 by G6, which is a proper open
subset of a fibre bundle over P2 × P2 with fibre P25. Moreover, W6/G6 is isomorphic to
X6. In particular, X6 has codimension 8.
Proof. The construction of W6/G6 is nearly the same as the construction of the quotient
at 2.2.4 [9]. We consider the open subset W ′6 ⊂W6 given by the following conditions: ϕ11
has linearly independent entries, ϕ22 has linearly independent entries and
ϕ21 6= vϕ11 + ϕ22u for any u ∈ Hom(2O(−3),O), v ∈ Hom(O(−2), 2O(1)).
There exists a geometric quotient W ′6/G6, which is a fibre bundle over P
2 × P2 with fibre
P25. The quotient map takes ϕ to ((x, y), 〈ϕ21〉), where x is the common zero of the entries
of ϕ11, y is the common zero of the entries of ϕ22 and 〈ϕ21〉 denotes the line spanned by
the image of ϕ21 in the cokernel of the canonical morphism
Hom(2O(−3),O(−2))⊗Hom(O(−2), 2O(1))⊕ Hom(2O(−3),O)⊗ Hom(O, 2O(1))
−→ Hom(2O(−3), 2O(1)).
The quotient W6/G6 is a proper open subset of the projective variety W
′
6/G6.
Fix F in X6. The first term of the Beilinson spectral sequence II converging to F has
display diagram
5O(−2)
ϕ1
// 6O(−1)
ϕ2
// 2O
2O(−2)
ϕ3
// 6O(−1)
ϕ4
// 5O
.
Arguing as at 3.2.5 [9], we can show that Coker(ϕ3) ≃ 2Ω1(1). The sheaf FD(1) also gives
a point in X6 and the associated Beilinson spectral sequence has display diagram
5O(−2)
ϕT
4
// 6O(−1)
ϕT
3
// 2O
2O(−2)
ϕT
2
// 6O(−1)
ϕT
1
// 5O
.
Thus Coker(ϕT2 ) ≃ 2Ω
1(1), which is equivalent to saying that Ker(ϕ2) ≃ 2Ω1. Denote
C = Ker(ϕ2)/Im(ϕ1). We have an exact sequence
0 −→ Ker(ϕ1) −→ 2O(−3)⊕ 5O(−2)
ξ
−→ 6O(−2) −→ C −→ 0.
Notice that rank(ξ12) = 5, otherwise F would map surjectively onto the cokernel of a
morphism 2O(−3) → 2O(−2), in violation of semi-stability. It is clear now that C is
isomorphic to the structure sheaf Cx of a closed point x ∈ P2 and Ker(ϕ1) ≃ O(−4). We
have the exact sequence
0 −→ 2Ω1(1) −→ 5O −→ Coker(ϕ4) −→ 0,
which leads to an exact sequence
0 −→ 6O −→ 5O ⊕ 2O(1) −→ Coker(ϕ4) −→ 0.
SEMI-STABLE PLANE SHEAVES WITH HILBERT POLYNOMIAL P(m) = 6m+ 3 33
The exact sequence (2.2.5) [2] reads
0 −→ O(−4)
ϕ5
−→ Coker(ϕ4) −→ F −→ Cx −→ 0.
Put E = Coker(ϕ5). Clearly ϕ5 factors through 5O ⊕ 2O(1), hence we have a resolution
0 −→ O(−4)⊕ 6O
ψ
−→ 5O ⊕ 2O(1) −→ E −→ 0.
We have rank(ψ12) = 5, otherwise E , hence also F , would have a subsheaf that is the
cokernel of a morphism 2O → 2O(1), in violation of semi-stability. Canceling 5O we get
the resolution
0 −→ O(−4)⊕O −→ 2O(1) −→ E −→ 0.
Combining this with the standard resolution of Cx tensored with O(−2) leads us to the
exact sequence
0 −→ O(−4) −→ O(−4)⊕ 2O(−3)⊕O −→ O(−2)⊕ 2O(1) −→ F −→ 0.
Since Ext1(Cx, 2O(1)) = 0, we can argue as at 2.3.2 [9] to prove that F would be a
split extension of Cx by E if the morphism O(−4) → O(−4) in the above complex were
non-zero. Canceling O(−4) we get ϕ ∈ W6 such that F ≃ Coker(ϕ). 
Proposition 8.3. The sheaves F giving points in X6 are precisely the non-split extension
sheaves of the form
0 −→ E −→ F −→ Cx −→ 0,
where E gives a point in the stratum X6 of MP2(6, 2) (cf. 6.1 [11]) and Cx is the structure
sheaf of a closed point x ∈ P2. The generic sheaves in X6 have the form OC(2)(P1− P2),
where C ⊂ P2 is a smooth sextic curve and P1, P2 are distinct points on C. In particular,
X6 is contained in the closure of X5.
Proof. We saw at 8.1 that every F in X6 is an extension as above. Conversely, if F is a
non-split extension of Cx by E , then we can apply the horseshoe lemma as in the proof
of 8.2 to construct ϕ ∈ W6 such that F ≃ Coker(ϕ).
According to 6.1 [11], generically E is isomorphic to OC(2)(−P2) for some smooth sextic
curve C ⊂ P2 and some closed point P2 ∈ C. Thus, generically, F ≃ OC(2)(P1 − P2).
Recall from 6.3 that the generic sheaves in X5 have the form OC(2)(P1 +Q1 − P2 −Q2).
Making Q2 converge to Q1 we produce a sequence of points in X5 converging to F . Thus
X6 ⊂ X5. 
9. The smallest stratum
Proposition 9.1. The sheaves F giving pints in MP2(6, 3) and satisfying the condition
H1(F(1)) 6= 0 are precisely the sheaves of the form OC(2), where C ⊂ P2 is a sextic
curve. The set of isomorphism classes of such sheaves, denoted X7, is a closed subvariety
of MP2(6, 3) that is canonically isomorphic to P(S
6 V ∗). Moreover, X7 is contained in the
closure of X6.
Proof. Let F give a point in MP2(6, 3) and satisfy the condition H
1(F(1)) 6= 0. The sheaf
FD(−1) gives a point in MP2(6,−9) and has a non-vanishing group of global sections.
Arguing as at 2.1.3 [2] we can show that there is an injective morphism OC → FD(−1) for
some curve C ⊂ P2 of degree at most 6. If deg(C) ≤ 5, then OC would destabilise FD(−1).
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Thus C is a sextic curve and FD(−1) ≃ OC , hence F ≃ OC(1)D ≃ OC(2). Conversely,
for any sextic curve C the sheaf OC(2) is stable and satisfies the cohomological condition
from the proposition.
To prove that X7 ⊂ X6 make P2 converge to P1 in proposition 8.3 and note that
[OC(2)(P1 − P2)] converges to [OC(2)] if C is smooth. 
In the remaining part of this section we will prove that MP2(6, 3) is the union ofX0, . . . , X7,
i.e. that there are no other semi-stable sheaves on P2 with Hilbert polynomial P(t) = 6t+3
beside those we have discussed so far.
Proposition 9.2. Let F give a point inMP2(6, 3) and satisfy the condition h
0(F(−1)) ≥ 3
or the condition h1(F) ≥ 3. Then F ≃ OC(2) for some sextic curve C ⊂ P2.
Proof. Let F give a point in MP2(6, 3) and satisfy the condition h
0(F(−1)) ≥ 3. Arguing
as in 2.1.3 [2] we see that there is an injective morphism OC → F(−1) for some curve
C ⊂ P2 of degree at most 6. According to remark 3.3 and proposition 5.2, F is stable.
Thus p(OC) < −1/2, so C has degree 5 or 6. Assume first that deg(C) = 6. The quotient
sheaf C = F/OC(1) has length 6 and dimension zero. Let C′ ⊂ C be a subsheaf of length
5 and let F ′ be its preimage in C. We have an exact sequence
0 −→ F ′ −→ F −→ Cx −→ 0
in which Cx is the structure sheaf of a closed point x ∈ P2. We claim that F ′ is semi-
stable. If this were not the case, then F ′ would have a destabilising subsheaf F ′′, which
may be assumed to be stable. In fact, F ′′ must give a point in MP2(5, 2) because 1/3 <
p(F ′′) < 1/2. According to [9], section 2, we have the inequality h0(F ′′(−1)) ≤ 1. The
quotient sheaf F/F ′′ has Hilbert polynomial P(t) = t+1 and no zero-dimensional torsion.
Thus F/F ′′ ≃ OL for some line L ⊂ P2. It follows that
h0(F(−1)) ≤ h0(F ′′(−1)) + h0(OL(−1)) ≤ 1,
contradicting our hypothesis. This proves that F ′ gives a point in MP2(6, 2). We have the
relation h0(F ′(−1)) ≥ 2 hence, according to [11], there is a resolution
0 −→ O(−4)⊕O −→ 2O(1) −→ F ′ −→ 0.
Combining this with the standard resolution of Cx tensored with O(1) we get the exact
sequence
0 −→ O(−1) −→ O(−4)⊕ 3O −→ 3O(1) −→ F −→ 0.
From this we obtain the relation h1(F(1)) = 1, hence, by 9.1, F is isomorphic to OC(2).
Assume now that C has degree 5. The quotient sheaf F/OC(1) has Hilbert polynomial
P(t) = t+ 3. If F/OC(1) had zero-dimensional torsion different from zero, then F would
map surjectively onto the the structure sheaf Cx of a closed point x ∈ P2. This situation
has already been examined. Thus we may assume that F/OC(1) has no zero-dimensional
torsion, i.e. that F/OC(1) ≃ OL(2) for some line L ⊂ P2. We apply the horseshoe lemma
to the extension
0 −→ OC(1) −→ F −→ OL(2) −→ 0,
to the standard resolution of OC(1) and to the resolution
0 −→ O(−1) −→ 3O −→ 2O(1) −→ OL(2) −→ 0.
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We arrive at the resolution
0 −→ O(−1) −→ O(−4)⊕ 3O −→ 3O(1) −→ F −→ 0
leading to the conclusion, as we saw above, that F is isomorphic to OS(2), where S =
C ∪ L. 
Proposition 9.3. There are no sheaves F giving points in MP2(6, 3) and satisfying the
cohomological conditions
h0(F(−1)) ≤ 1, h1(F) ≥ 2, h1(F(1)) = 0.
Proof. The argument can be found at 7.2 [10]. Denote p = h1(F), m = h0(F ⊗ Ω1(1)).
Assume that F gives a point in MP2(6, 3) and satisfies the conditions h
0(F(−1)) = 0,
h1(F) ≥ 2. The Beilinson free monad for F
0 −→ 3O(−2)⊕mO(−1) −→ mO(−1)⊕ (p+ 3)O
η
−→ pO −→ 0
leads to a resolution
0 −→ 3O(−2)⊕mO(−1)
ϕ
−→ Ker(η11)⊕ (p+ 3)O −→ F −→ 0
in which ϕ12 = 0. We have the inequality m − p = rank(Ker(η11)) ≤ 3 because ϕ is
injective. Thus
h0(F(1)) = 3(p+ 3) + h0(Ker(η11)(1))−m ≥ 2(p+ 3) ≥ 10
forcing h1(F(1)) > 0. Assume now that h0(F(−1)) = 1. The Beilinson free monad for F
takes the form
0 −→ O(−2)
ψ
−→ 4O(−2)⊕mO(−1) −→ mO(−1)⊕ (p+ 3)O
η
−→ pO −→ 0.
We have an exact sequence
0 −→ 4O(−2)⊕ Coker(ψ21)
ϕ
−→ Ker(η11)⊕ (p+ 3)O −→ F −→ 0
in which ϕ12 = 0. As above, the relation m − p = rank(Ker(η11)) ≤ 4 follows from the
injectivity of ϕ. If m− p = 4, then Coker(ϕ11) would be a destabilising quotient sheaf of
F . Thus m− p ≤ 3 and we conclude as above that h0(F(1)) > 0. 
10. The complement of a codimension 2 subvariety as a blow-up
We saw in section 1 that MP2(6, 3) is birational to N(6, 3, 3), more precisely the comple-
ment of the divisor X1 is isomorphic to an open subset of the Kronecker moduli space. In
this section we shall obtain a more detailed picture of the birational geometry of MP2(6, 3),
namely we shall prove that the complement of a codimension 2 subvariety is isomorphic to
an open subset of the blow-up of N(6, 3, 3) at the special point represented by the matrix
 XY
Z

 [ X Y Z ] .
Notice that this matrix is stable, so the point it represents, denoted by s, lies in the smooth
locus of N(6, 3, 3). Let B denote the blow-up of N(6, 3, 3) at s and let β : B → N(6, 3, 3)
denote the blowing-down map. We saw in section 2 that X10 is a smooth locally closed
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subvariety isomorphic to an open subset of P36. It is tempting to think of this projective
space as the exceptional divisor of B.
The main result of this section is that X0 ∪ X10 is isomorphic to an open subset of
B. The proof will be largely omitted because it is analogous to the proof of 7.2, only
notationally much more cumbersome. We begin by noting that the union X = X0 ∪X10
is an open subset of MP2(6, 3) whose complement has two irreducible components, each
of codimension 2, namely X11 and X
D
11. The inclusion X11 ∪X
D
11 ⊂ MP2(6, 3) \X follows
from the facts that X0 is open and X10 = X1 \ (X11 ∪ XD11) is open in X1, cf. 3.1. The
reverse inclusion follows from the fact, proven in section 9, that
MP2(6, 3) \X = X11 ∪X
D
11 ∪X2 ∪X3 ∪X
D
3 ∪X4 ∪X5 ∪X6 ∪X7.
Each set on the right is contained in X11 ∪X
D
11, as shown at 4.2, 4.4, 5.4, 6.3, 8.3, 9.1.
In this section we write G = G1. Let W ⊂ W1 be the union of W10 with the set of
morphisms ϕ equivalent to [
0 1
ψ 0
]
for some ψ ∈ W0. Clearly W is G-invariant and X is its image under the map ϕ 7→
[Coker(ϕ)]. We claim that W is open in W1. Indeed, W is the open subset of injec-
tive morphisms having semi-stable cokernel inside the open G-invariant subset of W1 of
morphisms
ϕ =


u1 u2 u3 c
⋆ ⋆ ⋆ v1
⋆ ⋆ ⋆ v2
⋆ ⋆ ⋆ v3


satisfying the conditions
span{u1, u2, u3, cX, cY, cZ} = V
∗, span{v1, v2, v3, cX, cY, cZ} = V
∗.
Let W s ⊂ W be the subset of morphisms having stable cokernel and let Xs be its image
in MP2(6, 3). By analogy with proposition 2.2 we have the following:
Proposition 10.1. The canonical map W → X is a categorical quotient map for the
action of G. The restricted map W s → Xs is a geometric quotient.
Recall from section 2 the subsetWss0 ⊂W0 of morphisms that are semi-stable as Kronecker
V -modules and denote by γ : Wss0 → N(6, 3, 3) the good quotient map for the action of G0.
Note that γ−1({s}) is the smooth subvariety, denoted by Z, of morphisms represented by
matrices of the form
ψ =

 v1v2
v3

 [ u1 u2 u3 ] ,
where {u1, u2, u3} is a basis of V ∗ and ditto for {v1, v2, v3}. Following 4.3 [2], we define
the morphism
δ : W −→Wss0 , δ(ϕ) = cϕ21 − ϕ22ϕ11.
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Note that γ ◦ δ maps the smooth hypersurface W10 to s. By the universal property of the
blow-up there is a morphism α : W → B making the diagram commute:
W
δ
//
α

Wss0
γ

B
β
// N(6, 3, 3)
.
Choose a point ψ ∈ Z as above. We identify TsN(6, 3, 3) with the fibre over ψ of the
normal bundle of Z in N(6, 3, 3). Since Z is smooth, Tψ Z can be identified with the space
of matrices
 v1v2
v3

 [ u′1 u′2 u′3 ]+

 v
′
1
v′2
v′3

 [ u1 u2 u3 ] , u′1, u′2, u′3, v′1, v′2, v′3 ∈ V ∗.
Choose ϕ ∈ W10 lying over ψ. The same calculation as in section 7 shows that
α(ϕ) = 〈ϕ21 mod Tψ Z〉 ∈ P(TψW
ss
0 /Tψ Z) = P(TsN(6, 3, 3)),
where the r.h.s. is identified with the exceptional divisor of B.
Proposition 10.2. The image of α is an open subset B0 of B and the map α : W → B0
is a good quotient for the action of G. Thus X is isomorphic to B0.
Proof. Recall the set W0 ⊂Wss0 of proposition 2.3 and notice that δ(W \W10) = W0. The
composite map W \W10
δ
→ W0
γ
→ W0//G0 is a good quotient for the action of G. Here
W0//G0 is an open subset of N(6, 3, 3) \ {s}. Thus α(W \W10) = β−1(W0//G0) is an open
subset of B and the restriction α : W \W10 → β−1(W0//G0) is a good quotient for the
action of G. Since W10 is contained in W
s, the problem reduces to showing that α(W s)
is an open subset Bs of B and the restriction map W s → Bs is a good quotient. We have
then B0 = B
s ∪ β−1(W0//G0).
Arguing as at 7.2 we can show that the fibres of the map α : W s → Bs are precisely
the G-orbits and that α has surjective differential at every point of W s. From this we
conclude, as at loc.cit., that Bs is open and that the map α : W s → Bs is a geometric
quotient modulo G. 
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